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A bstract
I describe a  com bined N -body/phenom enological m odel for th e  fo rm ation  and evolution 
of galaxies in a hierarchical universe. T he aim of th is work is twofold: to  fu rth e r our 
u nderstand ing  of the  galaxy form ation  process and to  investigate how selection effects 
bias our view of th e  galaxy population.
T he cold d ark  m a tte r  (CDM ) model for s tru c tu re  form ation  has been rem arkably 
successful a t  explaining th e  large-scale properties of the  universe and now form s p art 
of the  s tan d a rd  p ictu re of galaxy form ation. T h a t the  m a tte r  con ten t of the  universe 
is dom inated  by a non-lum inous (dark), non-baryonic form of m a tte r  is com m only ac­
cepted; its  existence is neccessary to  explain observed m ass-to-light ra tio s of s tru c tu res  
on all scales. T he evolution of dark  m a tte r  on large scales has been stud ied  extensively 
using N -body techniques and th e  results are in good agreem ent w ith  th e  observed large- 
scale s tru c tu re  of the  universe. However, our view of th e  universe is biased by th e  fact 
th a t  we can only directly  observe lum inous (baryonic) m a tte r , which is concen trated  
in s ta rs  and galaxies. To gain a  com plete understand ing  of th e  universe it is therefore 
v ita l to  have a  m odel for th e  relationship between the  p roperties of th e  observed galaxy 
population  and the underlying dark  m a tte r  d istribu tion .
Sem i-analytical and related  models are an a tte m p t to  bring to g e th er all of the  
ingredients neccessary for galaxy form ation (dark m a tte r  evolution, gas dynam ics, s ta r  
form ation  and evolution, etc.) in a single model w ith the  power to  pred ic t th e  properties 
of s ta tis tica lly  significant num bers of galaxies. T he original models used an analytical 
approach (hence th e  nam e) to  modelling dark  m a tte r  evolution, which contained no 
inform ation on the  d istribu tion  of galaxies. A recent developm ent has been th e  coupling 
of sim ilar m odels w ith N -body sim ulations, allowing galaxy form ation  to  be understood
in its full cosmological contex t.
A nother way in which our view of th e  universe is biased is by th e  lim its placed on 
observational sam ples of galaxies. G alaxies are often selected for inclusion in a sam ple 
on the  basis of their ap p a ren t m agnitude and such sam ples are often term ed ‘m agnitude- 
lim ited’ sam ples. However, all observations have an isophotal lim it, im posed by the 
surface brightness of th e  night sky, below which galaxies canno t be seen regardless 
of their to ta l flux. Such low surface-brightness galaxies m ake an as yet unquantified 
contribu tion  to  th e  num ber density  of galaxies in the  universe, so it is im p o rtan t to  take 
these into account when in terp re ting  observations and when com paring th e  observed 
properties of th e  galaxy population to  the  predictions of galaxy form ation models.
In th is thesis, I present a model for galaxy form ation which m akes use of a  cus­
tom ised N -body sim ulation w ith a built-in recipe for the  form ation of galaxy haloes. 
T he specific aim of th is work is to  model the  form ation and evolution of disc galaxies 
with a view to  reproducing the  observed d istribu tion  of galaxies over lum inosity and 
surface brightness. I then  use these results to  investigate the  role of selection effects by 
constructing  mock surveys, an application th a t  will find much use in in terp re ting  the  
results of recent and fu tu re  galaxy surveys.
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Background
1.1 Exp a n s io n  o f  the  universe
T he dynam ics of the  expanding universe are governed by F ried m an n ’s equations:
R 2 _ 8nG pR2=:_ kc2 (L1)
-, A nG R  /  3p .  , _
R ~ -------3  ( ^  +  ^ 2 ) ’ C1-2)
which describe th e  evolution of the  scale factor, R , of the  universe. Here, p  is the  to ta l 
density  of the  universe, p  is th e  pressure and k  =  —1, 0 and + 1  for universes w ith open 
(negative cu rvatu re), flat and closed (positive curvature) geom etries respectively. These
equations are arrived a t by inserting the  m etric for a hom ogeneous, iso tropic universe —
the R obertson-W alker m etric — into E inste in ’s field equations. T he R obertson-W alker 
m etric can be w ritten  as
c2d r 2 =  c2d t2 -  R 2(t)[dr2 +  S%(r)dip2], (1.3)
with
{sin r  k =  1r  k  =  0 . (1.4)
sinh r k  =  — 1
A t th is point, it is convenient to  define a  dim ensionless scale facto r, a =  R / R q, 
w here R 0 is th e  present-day value of R ,  and a dim ensionless expansion ra te
H  =  ~ ,  (1.5)
a '
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which is equivalent to  th e  co n stan t of p roportionality  in H ubble’s law for th e  recessional
velocities of galaxies (v — H qcI) a t  sm all separations. Using these two definitions,
equation 1.1 can be re-w ritten  as
2 8tiGp _  kc2 
H -  —  - - * ! § ■  (L6)
Clearly, there  is a  critical value of the  density,
•3 H 2
* s 5 5 j-  (L7)
for which k =  0 and th e  universe has a flat geom etry.
T he known co n stitu en ts  of th e  universe can be conveniently divided in to  th ree 
types, according to  their equations of s ta te :
1. non-relativ istic m a tte r  (pm =  0, py[ oc a - 3 ),
2. relativistic m a tte r  and rad ia tion  (pR =  ^ P rc 2, Pr  o c  a - 4 ),
3. vacuum  energy, or th e  cosmological constan t, (pa =  —p ^ c 2, p \  ~  c o n s tan t) .1
Here, the  label non-relativ istic m a tte r  includes both  dark  m a tte r  and baryons. It is 
useful to  w rite the densities of these th ree  com ponents as fractions of th e  critical density 
a t a given epoch:
O f„\ -  lJM _  OVLOrpM n  cn
f!M(“ ) =  7 7  -  I g T ’ I1-8)
O < \ — PR SnGpRf iR (a) =  —  =  — -r— , (1.9)
(1.10)
From  now on, unless th e  dependence on a is given explicitly, I reserve the  sym bols 
Qm, ^ r  and 12a to  denote th e  present-day  densities of the  th ree com ponents. Inserting 
equations (1.8) -  (1.10) and their a-dependencies into F riedm ann’s equation  in the  
form given in equation  (1.6), an expression is obtained for the  evolution of the  Hubble 
p aram eter with scale factor:
I-I2(a) = H 2 [(1 -  f i)a ~ 2 +  +  ^ R a ~ 4] , (1.11)
Pm S n G p M
Pc 3 H 2
87tG'pR
Pc H H 2 :
PA 8 n G p \
Pc H I P  '
'T h e  possibility of a  fourth  type, quin tessence,  which has an equation of s ta te  pq =  w p q c 2 ( — 1 ^  
w  ^  0), is discussed briefly later.
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where D =  Qm +  Or  +  ^ a is the  to ta l density  of the  universe. For th e  sim ple cases of 
flat (Q =  1), m atte r-dom inated  and rad ia tion-dom inated  universes, th is  can easily be 
solved to  give
{
( t / to )2^3 m atte r-dom inated
i ,  . . (L12)
( t / t o) ' 2 rad ia tion-dom inated
w here t,0 is the  present tim e. For m ore general cosmologies, including those w ith vacuum
energy, equation  (1.11) m ust be in tegra ted  numerically.
It is useful to  w rite equation (1.11) in term s of observable quan tities. If a galaxy is 
observed w ith a redshift z (=  AA/A, where A is the  rest w avelength of a fea tu re  in the
g alax y ’s spec trum  and AA is the  observed shift in wavelength) th en  it is easy to  show
th a t  1 +  2  =  l / a 0bs) w here a0bs is th e  scale factor of th e  universe when th e  observed 
light was em itted  by the  galaxy (again norm alised to  unity  a t  th e  present day). So 
the  evolution of th e  universe can be described in term s of observable variables by the 
expression
H 2(z) — H i  (1 — f i ) ( l  +  z )2 +  Qa +  (1 +  z )3 +  £2r(1 +  2)4J • (1-13)
T his is p lo tted  in Fig. 1.1(a) for several com m only adopted  cosmological models: a 
m atter-d o m in ated , flat universe (SCDM : Dm =  1, Da =  0); a  vacuum -dom inated , flat 
universe (ACDM : =  0.7, Dm =  0.3) and an open universe (OCDM : Dm =  0.3,
Qa =  0). T he first of these was, until recently, the  s tan d ard  m odel (hence SCD M ), 
but th e  ACD M  m odel is favoured by cu rren t observations; the  last m odel is alm ost 
certain ly  ruled out and is included for illustrative purposes only.
A dim ensionless deceleration param eter,
aa
•05 (1.14)
can also be defined, enabling us to  re-w rite equation (1.2) as
AnG f  3p \
<?=TE72 • (L 15)3H 2 V c2
T he conditions q >  0 and q <  0 correspond to  cases in which the  expansion of the  
universe is slowing down and speeding up respectively. Using equations (1.8) -  (1.10) 






Figure 1.1: Evolution with redshift of (a) the Hubble parameter and (b) the deceleration 
parameter for 3 model universes: a matter-dominated, flat universe (SCDM, solid line); 
a vacuum-dominated, flat universe (ACDM, dashed line) and an open universe (OCDM, 
dotted line). Only the vacuum-dominated universe is consistent with an accelerating 
expansion (q <  0) at the present day.
deceleration p aram ete r can be w ritten  as
q{a) =  —' +  0 R(a) -  0 A(a). (1.16)
This is p lo tted  in Fig. 1.1(b) for the  th ree  cosmological m odels described above. Ig­
noring the con tribu tion  from  relativ istic m a tte r, which is negligible a t th e  present day 
(Or  ~  4.2 x 10_ '5Ao 2 2, estim ated  from the  tem p era tu re  of the  cosmic microwave back­
ground and assum ing th ree  species of m assless neutrino  w ith a  density  0.68 tim es th a t  
of radiation; Peacock 1999), th e  condition for th e  universe to  be accelerating a t the  
present day is Oa >  ^ m / 2- An accelerating expansion is strongly  suggested by obser­
vations of d is tan t supernovae (P erlm u tter e t al. 1997, 1999), which, it is believed, can 
be used as ‘s tan d a rd  candles’ to  m easure th e  d istances to  ex ternal galaxies.
In Fig. 1.2 I illu stra te  the  evolution w ith redshift of the  densities of non-relativistic 
m atte r, re lativ istic m a tte r  and vacuum energy, for the  th ree cosmological models de­
scribed above. R ad iation  and o ther relativistic particles dom inate th e  energy density  of
2T he  no tation  ho is commonly used to denote the present-day value of the Hubble param eter ,  in
units of 100 km s -1 M pc- 1 .
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log10(l+z)
F igure 1.2: Densities of the major components of the universe as a function of redshift, 
for the same three model universes as Fig. 1.1. Solid lines denote non-relativistic matter, 
dotted lines relativistic m atter and radiation and the dashed line vacuum energy. Matter- 
radiation equality occurs at zeq ~  104 in models with Qm =  0.3, earlier in the model 
with ÎÎm =  1-
the  universe a t high redshifts bu t because, unlike non-relativ istic partic les, their energy 
decreases w ith the  expansion of th e  universe, the  low -redshift universe is dom inated  by 
non-relativ istic m a tte r. T he exception is th e  universe w ith  a  cosmological constan t, 
where vacuum  energy dom inates a t  low redshifts. T he tran sitio n  from  a  rad iation- 
dom inated  universe to  one dom inated  by m a tte r  occurs a t zeq — 104, th e  so-called 
‘epoch of m atte r-rad ia tio n  equality ’.
N o t e  o n  Q u i n t e s s e n c e
T here has recently been considerable in terest in cosmological m odels which incorporate  
a fourth  energy com ponent: quintessence is defined by an equation  of s ta te  pq =  w pq c2, 
w ith — 1 ^  w  ^  0, and a  density  which varies as pq  oc a -3 (1+u/). T he vacuum  energy 
is a  special case of quintessence w ith w =  — 1. Q uintessence m odels also lead to  an
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accelerating expansion a t  th e  present day and, unlike th e  vacuum  energy, quintessence 
is allowed to  be clustered on large scales, which has consequences for s tru c tu re  form a­
tion. P resen t observations are consistent w ith  w  =  — 1 (i.e. th e  s tan d a rd  cosmological 
constan t), b u t w ith  large error bars (e.g. Spergel e t al. 2003)
1.2 H ie ra rch ica l s tru ctu re  form ation
1.2.1 T h e  C D M  universe
In the  s tan d ard  picture, galaxies form ed th rough  g rav ita tional am plification of density  
fluctuations in th e  early universe. It is now com m only accepted th a t  th e  m a tte r  conten t 
of the  universe is dom inated  by a  non-lum inous (dark), non-baryonic form of m a tte r. 
T he existence of dark  m a tte r  on all scales is required to  explain th e  observed m ass-to- 
light ratios of galaxies and larger s tru c tu res . Hi m easurem ents of the  ro ta tio n  curves of 
galaxies, which ex tend far beyond th e  optical disc, im ply typical m ass-to-light ra tios for 
galaxies of M / L  ~  30/io in solar units (Peacock 1999), w ith much higher values in the  
ou ter regions of discs, suggesting th a t  the  visible (stellar) m ass is a sm all fraction of the 
to ta l. E stim ates of th e  m asses of galaxy clusters, from dynam ical argum ents (e.g. T he 
& W hite 1986) and g rav ita tiona l lensing (M iralda-Escude & B abul 1995), yield values 
of M / L  ~  300/io (B rainerd  et al. 1999) —  an order of m agnitude m ore th an  can be 
accounted for by th e  visible galaxies (even assum ing th a t these contain dark  m a tte r  as 
discussed above) and hot in trac lu ste r gas. Big bang nucleosynthesis places a constra in t 
on the density  of ba.ryons in the  universe: flbaryon — 0.01 — 0.03/ig 2 (W alker et al. 
1991; Tytler, Fan & Buries 1996: Buries & T ytler 1998). If the  m ass-to-light ratios 
of galaxy clusters, th e  largest virialised s tru c tu res  in the  universe, are typical of the  
universe as a whole then  th e  m easured lum inosity density  (j 'b  ~  1-2 x 10s L q  M pc~3; 
Cross & D river 2002) in th e  local universe implies a m a tte r  density  of Dm — 0.2 and 
we can see im m ediately th a t  a significant fraction of the  m a tte r  in th e  universe m ust 
be of a non-baryonic form . T he properties of th is non-baryonic dark  m a tte r  can have 
im p o rtan t consequences for the  process of s tru c tu re  form ation.
Cold dark  m a tte r  (CDM ) is the  generic nam e given to  particles th a t  are non- 
relativistic when they  decouple from  the  rest of the  m a tte r  and rad ia tion  early in the
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universe. C and idates include supersym m etric (SUSY) partic les, such as th e  gravitino  
and the  photino —  the  existences of which are predicted by som e extensions to  the 
s tan d a rd  m odel of partic le physics —  and o ther m assive ( t o c d m  > 1 GeV) subatom ic 
particles, collectively known as weakly-interacting massive particles (W IM Ps). T he 
exact n a tu re  of th e  partic les is u n im p o rtan t from  th e  po in t of view of th e  general 
p roperties of th e  model. T he m ass w ithin the  horizon a t decoupling is sm all (<C M q ) 
and, since th e  particles are non-relativistic a t th is point, dam ping  by free-stream ing 
is u n im p o rtan t. In CD M  cosmologies, the  am plitudes of p e rtu rb a tio n s  increase w ith 
decreasing scale so th a t  sm all-scale p ertu rb a tio n s  collapse first and , a fte r recom bination, 
th e  first s tru c tu re s  to  form  are on galaxy and sub-galaxy scales. These then  m erge into 
larger s tru c tu re s  in a  process of hierarchical, or ‘b o tto m -u p ’, s tru c tu re  form ation . This 
type of m odel predicts th a t  the  first generation of s ta rs  form s early  in th e  universe, 
before galaxies and galaxy clusters. An a lternative  theo ry  —  th e  ‘top -dow n’ model, in 
which th e  m a tte r  con ten t of th e  universe is dom inated by a  light (<  10 ev) species of 
subatom ic particle (candidates are known collectively as ho t dark  m a tte r) th a t  is highly 
re la tiv istic  when it decouples —  is alm ost certain ly  ruled ou t by observations and is 
no longer considered as a viable model for s tru c tu re  form ation . Its  m ost im p o rtan t 
fea tu re  is th a t  s ta rs  and galaxies form  la te  in th e  universe, by fragm en tation  of larger 
s tru c tu res .
For a long tim e th e  CD M  model has been the  m ost successful a t  m atching observa­
tions of the  universe. In particu lar it explains th e  early re-ionisation of th e  in tergalactic  
m edium  (IGM ) by the  first generation  of s ta rs  and th e  chem ical enrichm ent of in ter­
galactic gas a t high redshifts. N either of these observations can be explained in the  
con tex t of a top-dow n theory  of galaxy form ation. H ierarchical s tru c tu re  form ation  also 
has th e  advantage th a t  it involves only gravity, the  physics of which is well understood , 
and is therefore easy to  model, either analytically  or using N -body sim ulations.
However, the  CD M  model also suffers from  several problem s: it pred ic ts an excess 
of dw arf galaxies over the  num bers observed and —  a  related  issue —  it canno t easily 
explain th e  observed angular m om enta of disc galaxies. One solution to  th e  problem  
of an excess of s tru c tu re  on sm all scales is warm  dark  m a tte r  (W D M ). This consists 
of hypo thetical particles w ith m asses of mwDM ~  1 keV —  m ore m assive th an  typical
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HDM candidates, bu t less m assive th an  W IM Ps. T hey are still u ltra-re la tiv istic  when 
they  decouple from  th e  rest of th e  universe a t z ~  1013, so th a t  free-stream ing is 
im p o rtan t and p ertu rb a tio n s  on scales <  1010 — 1012 M@ are severely dam ped, while 
larger scale s tru c tu re  behaves in much th e  sam e way as in the  CD M  model. This 
possibility seem s to  be ruled ou t by the  detection  of re-ionisation a t  z  ~  20 (Spergel e t 
al. 2003), which requires sm all s tru c tu res  to  have collapsed early in the  universe. An 
alternative  to  W D M  is to  assum e a m ix ture of ho t and cold dark  m a tte r  — often called 
mixed dark  m a tte r  (M DM ) —  with th e  relative am ounts ad justed  to  erase s tru c tu re  
on the  right scales. T his model could be realised if the  dom inant form of dark  m a tte r 
was cold bu t, in addition , neu trinos were found to  have a finite rest m ass.
1.2.2 Linear growth of perturbations
I n i t i a l  c o n d i t i o n s
T he equations in section 1.1 describe the  evolution of a  hom ogeneous universe. W hile 
observations confirm  th a t  the  universe is indeed hom ogeneous on the  largest scales, 
s tru c tu re  is observed on scales ranging from s ta rs  and galaxies (<  100 kpc) to  the 
netw orks of filam ents seen in large galaxy surveys (~  100 M pc). For these s tru c tu res  
to  form , sm all p e rtu rb a tio n s  to  th e  density  field in th e  early universe are required. 
Over-dense regions are enhanced by g rav ita tional infall and become the  po ten tia l wells 
in which th e  baryons se ttle  to  form  the  galaxies we see.
T he u ltim ate  source of the  p ertu rb a tio n s present in the  early universe is still a 
m a tte r for debate . A com m on theo ry  is one in which quan tum  fluctuations in the  
energy density  of th e  early  universe were stretched  by a  period of inflation, during 
which the  scale facto r of th e  universe grew exponentially. As well as providing an 
explanation for th e  origins of s tru c tu re  in the  universe, th is  theory  also explains several 
o ther im p o rtan t observations: (i) the  large-scale isotropy of th e  microwave background, 
since regions th a t  are in causal con tac t before inflation begins are stre tched  to  scales 
much larger th an  th e  event horizon by the  expansion, and (ii) the  observed flatness 
of the universe, since a period of rapid expansion, in which the  scale fac to r of the 
universe increases to  m any tim es its original value, will fla tten  ou t any curvatu re th a t
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existed before the  expansion began. T he sim plest inflation m odels pred ic t a  G aussian 
d istribu tion  of p ertu rb a tio n s  ( th a t is, a d istribu tion  whose p roperties are com pletely 
determ ined by its  power spectrum ) and this expectation  is borne ou t by th e  observed 
fluctua tions in the  tem p era tu re  of the  cosmic microwave background (K om atsu  et al. 
2003).
E q u a t i o n s  o f  l i n e a r  g r o w t h
T he m otion of the  cosmic fluid is governed by th ree  equations:
=  - V * $ ,  (1.17)
P
=  —p V ^ - v ,  (1.18)
=  AnGp. (1..19)
T he first of these is E u ler’s equation, which relates th e  velocity field v  to  the  den­
sity  field, pressure g rad ien t and the  g rav ita tiona l po ten tia l <f>; th e  second is sim ply a 
s ta tem en t th a t  m ass (or energy) is conserved and th e  th ird  is Poisson’s equation  for 
the  g rav ita tiona l po ten tial. In these equations D /D i =  9 /9 1 +  v  ■ V  is the  convective 
derivative and I use to  signify tak ing  a derivative w ith respect to  th e  proper coor­
d inates x . T he velocity field can be decom posed into a velocity due to  th e  Hubble flow 
and a  peculiar velocity: v  =  H x  + R u .  It is m ore convenient a t  th is point to  work in 
com oving coord inates r  =  x / R .  Defining 5 =  8 p /p 0 to  be the  fractional overdensity, 
equations (1.17) and (1.18) can be linearised by keeping only first-order term s in the  
p ertu rb ed  quan tities  (5, u, e tc .), to  give
6 + 2 f u =  (L20)
5 =  - V r ■ u, (1-21)
w here V r is the  spatia l derivative w ith respect to  comoving coord inates. For a  m atte r-
dom inated  universe, the  pressure term  in equation (1.20) can be ignored, since non- 
re lativ istic m a tte r  is essentially pressureless. E quations (1.20) and (1.21) can be com­
bined w ith (1.19) to  give an expression for th e  grow th of linear p e rtu rb a tio n s  of co­
moving w avenum ber k:







In general, there  are tw o solutions, D \( t)  and D 2(t), to  th is equation. Because the
equation is linear, we can w rite a  general solution of the  form
8 ( t ) = A 1D 1{t) +  A 2D 2(t). (1.23)
The behaviour of a m atter-dom inated , flat (D =  1) universe is particu larly  simple: 
I have already shown (section 1.1) th a t ,  for th is simple case, the  scale facto r scales as 
R (t)  x  ( i / i 0)2/3, where t-o =  2 /(3 i/o )  and it follows (using equation 1.6) th a t
47tGp0(i) =  § ( £ )  2 - (1.24)
It can easily be shown, by su b stitu tion , th a t  the two solutions to  equation (1.22) are
D x{t) x  i 2/3, (1.25)
D 2{t) x  t~ l . (1.26)
T he first of these is th e  growing mode, while the  second decays rapidly, so th a t  the  
growth of p ertu rb a tio n s  in the  linear regime is described by
(L27)
For th is reason, D x(t) is often called the  linear grow th factor.
D uring the  rad ia tion-dom inated  era, or in universes w ith vacuum  energy, the  pres­
sure term  in equation (1.20) is im p o rtan t. For ad iabatic  pertu rbations, th e  pressure is 
related to  th e  density  by
0 J)
Sp =  —  Sp =  c2sp0S, (1.28)
where cs is th e  sound speed. If we consider plane wave solutions of th e  form  ¿ (r) x  e~!k r 
then equation (1.22) becomes
¿ +  2 |< 5 -  ^ T t G p o - ^ W o ,  (1.29)
for pertu rb a tio n s of comoving wavenum ber k. For a radia tion-dom inated  universe this 
yields D \( t)  x  t , D 2(t) x  i - 1 . For universes w ith vacuum energy, the  form  of R (t)  
changes and there  is no general analytic solution. Fig. 1.3 illustra tes the  linear grow th 
ra te  of p ertu rb a tio n s  for different cosmological models.
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logio(l+z)
Figure 1.3: Evolution of the linear growth factor with cosmic epoch for the same three 
models as Fig. 1.1. The curve for each model is normalised to unity for the flat, m atter- 
dominated model (solid line) at z =  0. Growth is suppressed in the vacuum-dominated 
model (dashed line), but not by as much as in the open model (dotted line).
1.2.3 Non-linear spherical collapse
T he linear approxim ation  used in section 1.2.2 is valid for sm all overdensities (8 <C  1); 
when 8 ~  1, the  non-linear term s in equations (1.17) -  (1-19) become dom inan t and 
the  sim ple tre a tm e n t of th e  previous section is no longer adequate . T he form ation  of 
galaxy haloes — a highly non-linear process —  can be understood  by considering the 
sim ple model of a uniform , spherical overdensity th a t  will eventually  form  a  virialised 
ob ject of m ass M. An overdense sphere behaves exactly  like a  closed universe, th a t  
is, its  m otion is governed by analogues of the  Friedm ann equations (equations 1.1 and 
1 .2 ):
r 2 — - r2 =  co n stan t (1.30)
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It can be shown th a t  th e  general solution (in param etric  form) to  equation  (1.30) is
r(0) =  A(1 — cos 9) (1.32)
t{0) =  B ( 0 - s m O ) ,  (1.33)
where A 3 =  G M B 2. It can be seen im m ediately th a t  r(9) has a m axim um  a t 9 =  7t; 
a t th is point th e  pro togalaxy  breaks away from the  general expansion of th e  universe 
and begins to  collapse under its  own self-gravity. A com pletely uniform , spherically-
sym m etric p ertu rb a tio n  will eventually collapse to  a single point a t 9 =  2n. In prac­
tice, however, the  existence of su b stru c tu re  leads to  chaotic, tim e-varying g rav ita tional 
po tentials which have th e  effect of allowing particles to  exchange energy, thereby  con­
verting the  ordered m otion of the  collapse into random  m otions in a process known as 
violent relaxation (Lynden-Bell 1967). A t 9 — 3rc/2, the  kinetic energy of the  collapse 
is equal to  exactly one half of the  g rav ita tional po ten tial energy, the  condition for viri- 
alisation. Using equation (1.32) we can calculate the  m ean density of the  p ertu rb a tio n  
a t  virialisation:
3 M  
4717-3 ir
where r v;r =  r(9 = 3 n /2 )  is the  virial radius. A more useful qu an tity  is the  m ean 
overdensity, 1 +  $vir =  Pviv/p, a t virialisation. To calculate this, we need to  know the 
mean density  of the  universe a t th e  tim e when the  pertu rb a tio n  achieved virialisation.
Considering once m ore the  simple model of a m atter-dom inated , flat universe, the 
mean density a t  tim e t  is given by equation (1.24). If virialisation indeed occurs a t 
the  expected tim e, given by equation  (1.33) w ith 9 =  3rc/2, then  combining equations
(1.34) and (1.24) gives the  overdensity as 1 +  ¿v;r ~  147. A com m on assum ption is 
th a t  virialisation is no t com pleted until the  tim e a t which the  p ertu rb a tio n  would have 
collapsed to  a single point; in th is case th e  overdensity is slightly higher: l  +  5vjr ~  178. 
A nother qu an tity  often quoted is the ex trapo la ted  linear overdensity, ¿iin oc i 2/ 3, a t 
virialisation: <$Hn =  1.69 (or 1.06 if virialisation occurs a t 9 =  3n /2 ) .
The above derivation relies on th e  assum ption th a t  the  universe is m atter-dom inated  
with a flat geom etry; for a flat universe w ith a cosmological constan t, the  app ropria te  
value can be shown (W hite, E fstath iou  & Frenk 1993) to  be
1 +  6vir ~  178Qm0-6. (1.35)
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T he im portance of th is result is th a t  it allows us to  define exactly  w h a t we m ean by a 
galaxy halo: a  region of space w ithin which the  average overdensity  is given by equation
(1.35). N um erical sim ulations (e.g. Cole & Lacey 1996) show th a t  the  virial radius, r v¡r , 
which defines the  ex ten t of the  halo, delineates well th e  tran sitio n  from  chaotic m otions 
to  ordered inflow of m aterial from the  im m ediate surroundings of th e  halo.
In practice, since the  exact tim e of virialisation is uncertain , a  value of l + 5 vir — 200 
is often assum ed. Given th is uncertainty, the  dependence on LIm is only a  sm all effect (a 
facto r of ~  2 for S2m =  0.3). In w hat follows, I use the  com m on n o ta tion  r 2oo> V200, etc. 
to  denote virial quan tities  (those m easured a t, or w ithin, th e  virial radius) predicted 
by the  spherical collapse model, bu t I use the  exact expression (equation 1.35) in the  
calculations.
T he m ean density  of a halo w ith m ass M  and virial radius r 2oo is
3 M  .
p{r < r 20o) =  (1-36)
200
It is often m ore convenient to  specify a halo by its virial velocity,
1 200 — (  I > (1-37)
V r 200 /
ra th e r th an  its  virial radius. T he average density  is then  given by
3Vg
47tG? 200
p{r <  r 200) -  • (1.38)
S etting  th is  equal to  178fIM0'6/9c and using equation (1.37) gives useful relationships 
between th e  m ass of a  halo, its  circular velocity and its virial radius:
I/200 =  [9 A S l ^ G M H i z ) ] 1' 3 (1.39)
G M  ^  ,
^200 -  T/2~ i 1-40)
1 200
V2OO
9 .4 ^ ° - 3/7 ( z) '
(1.41)
Thus, the  m ean density, and hence th e  circular velocity, of a halo of a given m ass 
depends strongly  on the  cosmological model adopted, m ostly as a result of th e  differing 
behaviour of H (z )  in different models of the  universe, as illu stra ted  in Fig. 1.1.
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1.2.4 T h e  form ation of disc galaxies
W hite & Rees (1978) set o u t the  now stan d ard  p icture for the  form ation of galaxies. 
During the  collapse and virialisation of a  dark  m a tte r halo, the  baryonic com ponent 
is shock-heated to  the  virial tem p era tu re  of the  halo. A t the  tem p era tu res  typical of 
galaxy haloes, th e  gas is fully ionised and can d issipate energy efficiently by m eans 
of brem sstrah lung  rad ia tion , so it will continue to  collapse until it  reaches centrifugal 
equilibrium . T he first detailed  description of th is process is usually credited to  Fall 
& E fstath iou  (1980). In their model, a galaxy begins life as a  uniform ly ro ta ting , 
hom ogeneous cloud of gas. T he initial angular m om entum  of th e  pro togalaxy  is built 
up through  tidal to rques from th e  surrounding s tru c tu res  before the  galaxy condenses 
o u t of the  Hubble flow (Hoyle 1953; Peebles 1969). A t th is  point, the  baryons closely 
follow the dark  m a tte r and hence experience the sam e tidal field and are expected to 
have the  sam e specific angular m om entum ; the  two com ponents do no t sep a ra te  ou t 
until after virialisation.
If the  collapse of th e  gas is sm ooth then  angular m om entum  is conserved and 
the  gas form s a th in , rapidly ro ta tin g  disc, whose size is determ ined by th e  balance 
between gravity  and th e  centrifugal force. Peebles (1971) in troduced a dim ensionless 
spin param eter,
‘ ■ s i
to  describe th e  angular m om entum  of a protogalaxy of m ass M  and angular m om entum  
with binding energy E .  D ark  m a tte r  haloes are expected to  have Amec| ~  0.04 (e.g. 
Cole & Lacey 1996). For a flat ro ta tion  curve the  specific angular m om entum  scales 
linearly with radius, so to  reach centrifugal equilibrium  (A =  1) the  gas cloud has to  
collapse by a  factor of order 1/A ~  25. If th e  origin of the  angular m om entum  is in 
tidal torques then  it is expected th a t  the  m aterial w ith the  lowest angular m om entum  
will be closest to  the  centre of th e  halo and so will be the  first to  collapse (because the  
higher density m akes cooling more efficient), leading to  ‘inside-out’ disc form ation.
The idea of a hom ogeneous, uniform ly ro ta tin g  protogalaxy is clearly a t odds 
with the hierarchical model of s tru c tu re  form ation, which predicts th a t  galaxies formed 
by m erging of sm aller sub-units. Shocks caused by substruc tu re  in the  dark  m a tte r
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d istribu tion  are likely to  com press the  gas, allowing it to  d issipate energy and condense 
into clum ps. T he process of building up a  galaxy by m ergers betw een sm aller gaseous 
subclum ps is efficient a t  tran sp o rtin g  angular m om entum  outw ards in to  th e  halo; this 
behaviour is seen in gas-dynam ical sim ulations (N avarro, F renk & W hite  1995) and is 
often called the  angular m om en tum  catastrophe, since it results in discs th a t  are much 
sm aller th an  those of real galaxies. This a  serious problem  for hierarchical models. One 
way to  prevent the  ca tastroph ic  cooling of gas into su b s tru c tu re  is to  postu la te  strong  
feedback from  s ta r  form ation (W hite & Rees 1978; W hite  & Frenk 1991), which has 
th e  effect of reheating  th e  gas and m aintain ing a sm ooth  d istribu tion  until after the 
m ajo rity  of th e  su b stru c tu re  has been erased. Any s ta rs  form ed in subclum ps will have 
their o rb its  mixed collisionlessly to  form an old spheroidal com ponent to  th e  galaxy. 
An argum ent for such early s ta r  form ation was p u t forw ard by Eggen, Lynden-Bell & 
Sandage (1962) on th e  basis th a t  low m etallicity s ta rs  in th e  solar neighbourhood are 
observed to  have highly eccentric orbits, com pared to  those of solar m etallicity  stars , 
im plying th a t  s ta rs  in the  G alactic spheroid form ed on a  sh o rte r tim escale.
L i g h t  p r o f i l e s
T he surface brightness profiles of spiral galaxies are well-fitted by an exponential law:
I ( R )  = I 0e~RIRi (1.43)
in th e  o u te r p arts , where the  th in , disc com ponent dom inates over th e  spheroid. T his is 
often taken  to  imply th a t  the  underlying m ass d istribu tion  is also exponential, although 
th is  is no t necessarily th e  case. If angular m om entum  tra n sp o r t during  collapse is 
no t im p o rtan t, then  the  arrangem ent of m aterial in discs reflects th e  initial angular 
m om entum  d istribu tion  of gas in haloes. A nother possibility, p u t forw ard by Lin & 
Pringle (1987), is th a t  the  exponential profile does no t reflect th e  d istribu tion  of gas 
falling onto  the  disc bu t is the  result of evolution. T hey showed th a t  if viscosity is 
effective a t tran sp o rtin g  angular m om entum  outw ards in discs th en  exponential stellar  
profiles occur naturally , provided th a t  angular m om entum  tra n sp o r t ac ts  on a tim escale 
of th e  sam e order as the  s ta r  form ation tim escale. This is tru e  even when th e  initial 
gas profile is much fla tter.
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R o t a t i o n  c u r v e s
The ro ta tion  curves of disc galaxies are rem arkably flat a t large radii, a p roperty  th a t  
extends well beyond th e  optical galaxy, in th e  larger neu tra l gas disc. T his, of course, 
is p a r t of th e  evidence for the  existence of dark  m a tte r  in galaxies. T he o u ter regions of 
discs contain little  mass; the  dynam ics should be dom inated by th e  halo, so w hatever 
profile the  dark  m a tte r  has m ust be responsible for the flat ro ta tion  curves.
1.2.5 T h e  form ation of ellipticals and bulges
The spheroidal com ponents of galaxies, bo th  ellipticals and the  bulges of spiral galaxies, 
are not n a tu ra lly  included in the  Fall & E fstath iou  model of galaxy form ation. T hey 
have very little  angular m om entum  and are alm ost entirely supported  by the  ‘p ressure’ 
of radial stellar o rb its. O ne possible explanation  for their kinem atical properties is 
th a t  the  spheroid s ta rs  form ed early in the collapse of the  protogalaxy and th a t  their 
subsequent collapse was dissipationless. This is the  Eggen, Lynden-Bell and Sandage 
picture and, while it m ay explain the  old stellar halo of our own Galaxy, th e  high 
densities of bulges requires significant dissipation. A lternatively, one can appeal to  
some m echanism  by which angular m om entum  is removed from th e  central regions of 
galaxies.
In the  hierarchical scenario, spheroids natu ra lly  form in m ergers between disc 
galaxies, as postu la ted  by Fall (1979). This currently  seems the  m ost prom ising sce­
nario: N-body studies (e.g. B arnes 1988; H ernquist 1992, 1993; Heyl, H ernquist & 
Spergel 1994) have shown th a t  m ergers between equal-m ass disc galaxies produce rem ­
nants with elliptical isophotes and i?1,/4-law  surface brightness profiles. T he high phase- 
space density  of ellipticals requires significant dissipation (H ernquist, Spergel & Heyl 
1993), i.e. a  significant gaseous com ponent. Gas-rich m ergers result in strong  flows 
of gas in to  the  nuclei of the  m erging galaxies, fuelling a s ta rb u rs t (Mihos & H ernquist 
1994a, b, 1996) which adds to  the  light of th e  spheroidal com ponent.
Small bulges have properties m ore closely related to  those of the disc in which they 
are em bedded (C ourteau , de Jong  & Broeils 1996; Peletier & Balcells 1996), suggesting 
th a t secular evolution of th e  disc m ay also play a role in the form ation of som e bulges.
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Zhang & W yse (2000) posit th a t  angular m om entum  tra n sp o r t th rough  viscosity in 
the  early  disc m ay be responsible for the form ation of sm all bulges. B ars are also 
efficient a t tran sp o rtin g  angular m om entum  away from  the  cen tral regions of discs; 
they  cause vertical heating  of the  disc and eventually dissolve to  form  peanu t-shaped  
bulges (C om bes et al. 1990).
L i g h t  p r o f i l e s
T he surface-brightness profiles of ellipticals and large spiral bulges are generally well-fit 
by de V aucouleurs’ (1948) i?1/ 4-law :
I ( R )  =  / ee - 7-67t(ii/ R=)1/4- 1], (1.44)
while sm all bulges and dw arf ellipticals are b e tte r  fit by an exponential profile (G raham  
2001). T he isophotes of elliptical galaxies are close to  being ellipses; deviations from 
perfect ellipticity  lead to  elliptical galaxies being described as e ither ‘boxy’ (m eaning 
th a t  their isophotes have the  appearance of having been com pressed along th e  m ajor 
and m inor axes) or ‘discy’ (when their isophotes have been stre tched  o u t along these 
sam e axes). T he shapes of the  isophotes of elliptical galaxies are correlated  w ith their 
lum inosities —  in th e  sense th a t  bright ellipticals tend  to  have boxy isophotes while 
low-lum inosity ellipticals and bulges tend  to  be discy — and w ith  th e ir kinem atical 
properties (see below).
K i n e m a t i c a l  p r o p e r t i e s
T he kinem atics of th e  bulges of early-type spirals are consistent w ith th e ir being oblate, 
isotropic ro ta to rs  —  th a t  is, their velocity dispersions are isotropic and th ey  are fla t­
tened by ro ta tio n  ab o u t their m inor axes. T he degree of ro ta tio n al su p p o rt in elliptical 
galaxies decreases w ith increasing luminosity, so th a t  g iant ellipticals are  entirely  pres­
sure supported  while low-luminosity ellipticals have th e  kinem atical p roperties com­
parable to  bulges of the  sam e luminosity. T he degree of ro ta tio n a l su p p o rt is also 
correlated  w ith isophote shape: ellipticals and bulges w ith a  high degree of ro ta tional 
su p p o rt tend  to  have discy isophotes, while those of g ian t, slow ly-rotating ellipticals 
are boxy.
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T able 1.1: Recent measurements of the field galaxy luminosity function.
Survey $ * /1 0  2/ijj M p c  3 M *  -  5 lo g 10 h0 a R eference
5 -b a n d :
2 d F G R S 1 1.68 ±  0.08 - 1 9 .4 0  ± 0 .0 7 - 1 .2 1  ±  0.02 N o rb e rg  e t a l. (2002)
S D S S -com m 2,3 2.06 ±  0.23 -1 9 .5 1  ±  0.04 - 1 .2 6  ±  0.05 B la n to n  e t al. (2001)
E SO  Slice P r o je c t1 2.0 ±  0.4 1 q ocr + 0.06r» .o o _ q os 1 99 + 0-06 —0.07 Z u cca  e t al. (1997)
S tro m lo -A P M 1 1 .4 0 ±  0.17 -1 9 .2 4  ±  0.13 — 0.97 dh 0.15 L oveday  e t  a l. (1992)
A '-band:
H aw aii-A A O 1.3 ±  0.3 -2 3 .7 0  ± 0 .0 8 - 1 .3 7  ±  0.10 H u an g  e t al. (2003)
2 d F G R S /2 M A S S 4 1.08 ±  0.16 - 2 3 .4 4  ±  0.03 - 0 .9 6  ± 0 .0 5 Cole e t al. (2001)
2 M A S S /C fA 2 4 1.16 ±  0.1 - 2 3 .3 9  ± 0 .0 5 - 1 .0 9  ± 0 .0 6 K o ch an ek  e t al. (2001)
S tro m lo -A P M 1.2 ±  0.8 - 2 3 .5 8  ±  0.42 — 1.16 ±  0.19 L oveday  (2000)
A u tofib -2 1.66 -2 3 .1 2  ±  0.04 - 0 .9 1  ±  0.04 G a rd n e r  e t al. (1997)
1 C o n v erted  from  6j as d esc rib ed  in th e  te x t
2 C o n v e rted  from  SDSS g*  m a g n itu d e s  as d esc rib ed  in th e  te x t
3 A re -a n a ly s is  by N o rb erg  e t  al. y ie ld s =  1.56 x 10~ 2h^ M p c - 3 , M *  =  —19.42 ±  5 lo g 10 ho an d  a  =  —1.26 
(see te x t  for d e ta ils )
1 Uses 2M A SS K ro n  m a g n itu d e s  (K$)
1.3 T h e  g a la xy  population at 2 =  0
1.3.1 Lum inosity function of galaxies
T he m ost fundam ental observable property  of the  galaxy population is the  lum inosity 
function $ (T )  —  th e  comoving space density of galaxies of a given lum inosity over 
some range of w avelengths. T he shape of th e  lum inosity function can be conveniently 
param eterised  by a. Schechter function (Schechter 1976):
# (L ) d i  =  < f * ( A ) “ e x p ^ _ A )  (1 .45)
This has the properties th a t  a t  low lum inosities it rises (or falls) m onotonically with 
decreasing lum inosity, w ith a slope a , while above the characteristic  lum inosity, L * 
(often quoted as the  equivalent m agnitude, M *),  it tu rn s  over and falls away abruptly . 
A lthough there  are m any m ore faint galaxies th an  bright ones, the  lum inosity density 
of the  universe, L(f>{L) is dom inated (a t least a t optical wavelengths) by galaxies of 
around the  charac teristic  lum inosity L*. In Fig. 1.4 I plot recent m easurem ents of the 
lum inosity function in two optical bands; the  best-fitting  Schechter function param eters
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are listed in tab le  1.1. D a ta  points are p lo tted  for th e  two m ost recent surveys in each
band: in the  B  band from th e  2dF Galaxy Redshift Survey  (2dFG R S; N orberg  et
al. 2002) and the  Sloan Digital Sky Survey  (SDSS; B lanton e t al. 2001); and in the  
K  band th e  com bined 2dFG R S/2M A SS d a ta  (Cole et al. 2001) and th e  Hawaii-AAO 
survey (H uang et al. 2003). In each case, the  Schechter function represen ta tion  fits 
the d a ta  poin ts extrem ely well over more th an  th ree  orders of m agnitude in lum inosity. 
M agnitudes m easured in the  6j band have been converted to  th e  s tan d a rd  Johnson B  
band using th e  colour equations of B lair & Gilm ore (1982):
B  =  6j +  0 .2 8 (5  - V ) .  (1.46)
T he 5 -b a n d  lum inosity  function of the  SDSS com m issioning d a ta  has been estim ated  
from  th a t  m easured in th e  SDSS g* band using the  colour equation  of F ukug ita  et al. 
(1996):
B  = g* +  0 .4 4 (5  -  V )  +  0.12. (1.47)
In bo th  cases I have assum ed a m ean galaxy colour of ( 5  — V) =  0.94 (N orberg et 
al. 2002). In sp ite of th e  good fit to  the  d a ta  in each independent m easurem ent of 
the  lum inosity function, the  param eters of the  Schechter function  required to  fit the 
d a ta  vary widely from survey to  survey and th e  shape of th e  lum inosity  function  has 
been shown to  vary with galaxy colour, environm ent, spec tra l ty p e  (M adgwick et al. 
2002; Folkes et al. 1999) and m orphology (M arzke et al. 1998). Values of M *  derived 
from surveys in a given band are consistent, bu t the  overall norm alisation  varies by 
alm ost a  facto r of 2 between the  surveys listed in tab le  1.1. However, N orberg  et al. 
have re-analysed th e  B lanton et al. d a ta  and find th a t  if th e  sam e m ethod  is used to  
norm alise th e  Schechter functions and the  correct colour equation  (1.46) is used then  
the  p aram eters  m easured from the  SDSS and 2dFG R S surveys agree to  w ithin the 
quoted errors. T he least well constrained param eter is th e  fain t-end  slope, a,  w ith 
different surveys failing even to  agree on w hether th e  num ber of galaxies increases or 
decreases tow ards fa in ter m agnitudes. T he m ost recent surveys in th e  6 j-band  (Zucca 
et al. 1997; N orberg et al. 2002) appear to  be converging on a  steep  fain t-end slope. 
T he fa in t end of th e  A '-band lum inosity function is less accurate ly  m easured bu t, while 
there  is still considerable disagreem ent over the slope, m ost of the  m easurem ents listed
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Figure 1.4: A compilation of recent measurements of the field galaxy luminosity func­
tions in the B and K  bands. The various curves are Schechter function parameterisations 
of the results of different surveys, as described in table 1.1. The most recent results are 
plotted as data points: in the B  band from Norberg et al. (2002, triangles) and Blanton 
et al. (2001, circles); and in the Jf-band from Cole et al. (2001, triangles) and Huang et 
al. (2003, circles).
are consistent w ith a  =  —1.
A large p a rt of th e  discrepancy between m easurem ents of the  lum inosity function 
is likely to  be the  resu lt of the  differing selection criteria  of the  galaxy surveys used. 
T he discovery of significant num bers of low surface-brightness (LSB) galaxies in the  
local universe (Schom bert e t al. 1992; O ’Neil, B othun & Cornell 1997) has led to  the 
suggestion th a t existing galaxy surveys are missing large num bers of galaxies due to  
their surface brightness lim its. Including these missing galaxies m ay lead to  a  con­
siderable change in th e  derived lum inosity function and m ay resolve th e  discrepancies 
between the  different m easurem ents of the  faint-end slope given in tab le  1.1. B othun, 
Im pey & Malin (1991) have investigated the  effects of surface brightness lim its on 
the  lum inosity functions of clusters, where LSB galaxies are m ost easily identified in 
large num bers. T hey m easure faint-end slopes of a  =  - 1 .5  for the  F ornax cluster and 
a  =  - 1 .6  for the  Virgo cluster (using the sam ple of Impey, B othun & M alin 1988), 
com pared t o a =  —1.32 derived by Ferguson & Sandage (1988) for the  Fornax cluster,
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Figure 1.5: The infrared Tully-Fisher relation for spiral galaxies. The solid line is the 
mean of four measurements of the /-band Tully-Fisher relation (Pierce & Tully 1992, 
Mould et al. 1993, Giovanelli et al. 1997, Mathewson, Ford & Buchhorn 1992) and the 
dotted lines show the typical scatter in the observed relation (Giovanelli et al. 1997). 
The data points are for the sample of Tully et al. (1998) and are plotted to illustrate the 
scatter around the mean relation.
from a  shallower survey. No sim ilar stu d y  exists for field galaxies, bu t S prayberry  et 
al. (1997) have m easured th e  lum inosity function of field LSB galaxies and find their 
space density  is com parable to , or g reater th an , th a t  of high surface brightness galaxies 
a t m agnitudes M g >  —15. T hey also find evidence for a steepening of th e  lum inos­
ity function of LSBGs a t M g >  —16. This suggests th a t  existing galaxy surveys are 
missing a significant population of LSB galaxies and th a t  these con tribu te  strongly  to 
the  lum inosity function a t fa in t m agnitudes. Lum inous LSB galaxies, however, are rare  
so th a t  these galaxies cannot significantly alter m easurem ents of th e  to ta l lum inosity 
density  of th e  universe, which is dom inated by L * galaxies.
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1.3.2 T h e  infrared T u lly -F ish e r  relation
T he lum inosities of spiral galaxies in m any wavelength ranges are strongly  correlated 
with their ro ta tional velocities (Tully & Fisher 1977). T he ro ta tional velocity is usually 
related to  th e  velocity-w idth of Hi atom ic emission lines, corrected for th e  inclination of 
the disc. In Fig. 1.5 I plot th e  m ean of four m easurem ents of the  Tully-Fisher relation in 
the /b a n d . W orking a t infrared wavelengths has several advantages. F irstly , corrections 
have to  be applied to  th e  m easured lum inosities to  account for d u st extinction, both  
internal and w ithin our own galaxy; these are much sm aller a t infrared w avelengths th an  
in the optical, so th a t  the  results have sm aller uncertainties. Infrared light is also a 
b e tte r tracer of th e  to ta l stellar m ass th an  bluer wavelengths, which are strongly affected 
by sm all am ounts of recent s ta r  form ation. T he am ount of in ternal dust extinction 
also depends on inclination; commonly, lum inosities are corrected to  face-on, dust- 
ex tincted  values. T he sca tte r ab o u t the  m ean relation in the  /  band for a  given sam ple 
of galaxies is typically 0.35 m agnitudes, although the  sca tte r between different sam ples 
is often much larger. T he la tte r  is probably caused by differences in the  m ethods used 
to  m easure and correct th e  lum inosities and circular velocities of galaxies.
T he T ully -F isher relation  is principally a relationship between dynam ical m ass of 
a galaxy (as probed by the  ro ta tiona l velocity of the  disc, and including dark  m atte r) 
and the  lum inous m ass (traced by the  lum inosity a t some w avelength). T he T ully- 
F isher relation therefore constra ins the  m ass-to-light ra tios of spiral galaxies. Low 
surface-brightness galaxies are generally found to  lie on the  sam e T ully-F isher relation 
as their high surface-brightness coun terparts , implying to ta l m ass-to-light ra tios th a t 
a.re ~  2 tim es higher (Zwaan et al. 1995). However, O ’Neil, B othun & Schom bert (2000) 
give several exam ples of LSB galaxies th a t  appear to  be underlum inous for their Hi 
line-widths, so th e  situation  is a t least a  little  unclear.
1.3.3 T h e  surface-brightness function
Freem an (1970) found th a t  the  central surface brightnesses of spiral galaxy disks ap­
peared to  have a G aussian d istribu tion  centred on ¿i0 =  21.65 B —m ag arcsec-2  and 
w ith a very narrow  w idth (0.3 B —m ag arcsec-2 ). Had th is tu rned  out to  be an in-
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Figure 1.6 : Number density of galaxies as a function of disk central surface brightness. 
The data  shown was compiled by O’Neil & Bothun (2000) from the following sources: 
O ’Neil, Bothun & Schombert (2000, open diamonds), Phillipps et al. (1987, open squares), 
Davies (1990, circles: filled for a flux-limited sample and open for diameter-limited), 
Sprayberry (1994, open triangles) and de Jong (1996, stars). The dashed curve is the 
Gaussian distribution found by Freeman (1970), while the data are consistent with a flat 
distribution (dotted line) down to the limits of current surveys.
trinsic p roperty  it would have placed severe constra in ts on m odels of galaxy form ation: 
p roperties such as stellar m ass, m ass-to-light ra tio  (which is determ ined  by the  s ta r  
form ation  history) and angular m om entum  m ust all conspire to  give a co n stan t su r­
face brightness. It was first pointed ou t by Disney (1976) th a t  the  rapid  fall-off in 
the  num bers of galaxies observed a t surface brightnesses approaching th a t  of th e  night 
sky could resu lt from selection effects. Since then , th e  existence of a  large population  
of LSB galaxies has been confirmed. Taking surface brightness selection effects prop­
erly in to  account, O ’Neil & B othun (2000) have shown th a t  cu rren t observations are 
consistent w ith a constan t num ber density of galaxies per m agnitude interval down to 
25 B —m ag arcsec-2  and beyond, as shown if Fig. 1.6. These galaxies are below the
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detection thresholds of m ost large galaxy surveys, even though their in tegra ted  fluxes 
often place them  well inside the  form al m agnitude limits.
1.4 S u m m a ry  and im p o rta n t questions
I have now set o u t th e  basic p icture of galaxy form ation on which the  rem ainder of 
th is thesis is based. In th is picture, th e  universe is dom inated by som e dark  form of 
m atter. Small fluctuations in the  m a tte r  density field collapse under gravity  to  form 
the po ten tial wells into which the  baryons fall after recom bination. T he sm allest of 
these s tru c tu re s  reach virialisation first and are susequently incorporated  into larger 
s tru c tu res  in a process of hierarchical s tru c tu re  form ation. A fter virialisation, the 
baryons d issipate energy th rough rad ia tion  and collapse to  form th in  discs in centrifugal 
equilibrium . Such gas discs are the m ain sites of s ta r  form ation and feedback from this 
process m ay reheat som e of the  gas to  the hot phase. T he m ost likely m echanism  for 
the form ation of ellipticals and large bulges is in m ergers between disc galaxies, which 
are a n a tu ra l consequence of the  hierarchical scenario.
This p icture has been successful a t explaining m any of th e  key properties of the 
galaxy population, b u t there  are a  num ber of im p o rtan t questions th a t  rem ain unan­
swered. M any of these are related to  the  overabundance of low-mass haloes and sub­
haloes predicted by th e  CD M  model:
1. What determ ines the fa in t-end  slope o f  the luminosity function?  Naive m odels of 
galaxy form ation, com bined w ith the CDM  model of s tru c tu re  form ation, predict 
a  steep faint-end slope, which conflicts w ith observations. Feedback from s ta r  
form ation m ay provide the  answer, bu t a  high efficiency is required and there is 
little observational evidence of its im portance in norm al galaxies.
2. How much o f the initial angular momentum, is lost during the galaxy form ation  
process? S im ulations suggest th a t  a significant fraction is lost, bu t th is is in­
consistent w ith th e  observed sizes of disc galaxies. T he ‘angular m om entum  
ca ta s tro p h e ’ is caused by gas cooling into clum ps in subhaloes, which then  lose 
angular m om entum  through  dynam ical friction. Again, stellar feedback may be a
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solution, preventing gas from  cooling into sm all un its and m ain tain ing  a sm ooth  
d istribu tion  until galaxy-scale haloes form.
3. How fragile are galaxy discs?  Discs are generally th o u g h t of as fragile s tru c tu res  
which should, a t the  very least, be heated and thickened by th e  su b stru c tu re  
passing th rough  them . This is the  case even if such su b stru c tu re  is unable to  host 
visible galaxies because of strong  feedback, so feedback is no t a so lu tion  in this 
case.
M ore general questions include:
1. What determ ines the luminosities o f  the brightest galaxies?  E xplaining the  expo­
nential cut-off in the  lum inosity function above L* requires a  m echanism  capable 
of sh u ttin g  off cooling in massive galaxy clusters or, a t least, of preventing any gas 
th a t  does cool from form ing lum inous s ta rs . Several possiblities are com m only 
considered; these include heat conduction in th e  gas and reheating , possibly by 
active galactic nuclei (AGN).
2. What is the significance o f  the low-surface brightness (L S B )  galaxy population?  
LSB galaxies are difficult to  observe and so their num bers are uncertain ; a lthough 
they  are believed to  m ake only a  small contribu tion  to  the  local lum inosity  density 
of th e  universe, they could, in principle, contain a significant fraction  of the 
baryons. Any viable model for galaxy form ation m ust, in any case, be able to  
predict their num bers and properties.
3. What role do A G N  play in galaxy form ation?  So far I have no t m entioned AGN 
(w ith th e  exception of the  possibility of their suppressing cooling in clusters). 
T hey  are generally ignored in galaxy form ation models, bu t it has been estim ated  
th a t  their com bined energy o u tp u t, a t  least a t optical w avelengths, is com parable 
to  th a t  from  s ta rs , so they  m ight be expected to  have played som e role in galaxy 
form ation .
I will no t a tte m p t to  answer all of these questions, b u t I will p u t forw ard po ten tial 
solutions to  som e of them , including alternatives to  th e  solutions already  discussed.
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T he rem ainder of th is  thesis is laid ou t as follows. In chap ter 2 I describe a 
phenom enological approach to  modelling galaxy form ation, beginning w ith a m ethod 
for following the  form ation  and m erging of galaxy haloes in an N -body sim ulation. I 
then outline my prescriptions for modelling radiative cooling, s ta r  form ation and the 
associated feedback processes and the  m erging of satellite  galaxies w ithin haloes and 
for th e  evolution of stellar populations. T he free param eters of the  model are chosen to  
give a good fit to  th e  lum inosity functions a t  two optical wavelengths and to  the  infrared 
T ully-F isher relation. In chap ter 3 I build on the  basic model by adding a more detailed 
description of galaxy discs, including an observationally-m otivated s ta r  form ation law 
w ith a  surface density  threshold . I investigate the  effect of such a  threshold  no t only 
on the  properties of galaxy discs b u t also on the  global properties of galaxies. In 
chap ter 4 I apply the  m odel developed in the  preceding two chapters to  the  question 
of the role played by selection effects in shaping the  lum inosity function. I construc t 
m agnitude-lim ited mock surveys w ith a  range of isophotal lim its and then  a tte m p t 
to  reconstruct the  lum inosity function using a  simple version of one of th e  techniques 
used by observers. Finally, in chap ter 5, I discuss the  lim itations of my curren t model 
and present some prelim inary findings from  a m ore advanced disc model. I suggest a 
num ber of possible fu rth e r im provem ents and end by discussing the poten tial for fu tu re  
work in this area.
C h a p ter  2
Overm erging in galaxy form ation 
models
In th is ch ap te r I describe a  phenom enological approach to  m odelling galaxy form ation 
in N -body sim ulations. I begin by discussing the  problem  of overm erging in galaxy 
form ation models and I outline a m ethod for following the  form ation  and m erging 
of galaxy haloes in N -body sim ulations, which is optim ised to  find and preserve sub­
s tru c tu re . G roups of particles representing collapsed, virialised ob jects  (haloes) are 
identified using local density  percolation and replaced by single softened partic les (van 
K am pen 1995) to  prevent d isruption  of such groups in high density  regions by 2-body 
heating  and artificial tidal stripping. This galaxy form ation algorithm  is applied m any 
tim es during  the  evolution of the  sim ulation, to  build up a m erger tree  for each halo. I 
then  set ou t th e  basic ingredients of a m ore detailed m odel for th e  fo rm ation  of galax­
ies w ithin dark  m a tte r  haloes: rad ia tive cooling of gas in haloes, s ta r  form ation  and 
the  associated feedback processes, th e  m erging of galaxies w ithin m erged haloes and, 
finally, s te llar spec tra l synthesis, needed to  predict the  visible p roperties of galaxies. 
T he m odel presented here is sim ilar in m any ways to  the  popular technique of semi- 
analy tic  m odelling, bu t the coupling of a detailed m odel for galaxy form ation  w ith an 
N -body sim ulation incorporating  a built-in recipe for th e  form ation  of galaxy haloes 
m akes th is  work unique and represents an im provem ent over earlier m odels. In par­
ticu lar, it  provides a n a tu ra l explanation for the  exponential cut-off a t  th e  bright end
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of the  galaxy lum inosity function — a problem  for m any galaxy form ation m odels — 
w ithout the  addition  of new baryonic physics.
2.1 In tro d u ct io n
Cole et al. (1994) identify four key ingredients necessary to  any com plete m odel of 
galaxy form ation:
1. T he evolution of th e  dark  m a tte r d istribu tion  in its proper cosmological setting , 
including th e  non-linear processes associated w ith th e  collapse and m erging of 
dark  m a tte r  haloes.
2. T he dynam ical behaviour of gas coupled grav itationally  to  the  dark  m a tte r  and 
sub ject to  shocks, cooling and heating and processes.
3. T he evolution of stellar populations, including their spectropho tom etric  proper­
ties as a function of tim e and the  injection of energy, m ass and m etals into the  
surrounding  in terstellar and in tergalactic gas.
4. T idal in teractions and m ergers of individual galaxies in a  dynam ically active 
environm ent.
T he first of these is the  m ost studied and by far the  best understood; the  behaviour 
of dark  m a tte r  on large scales can be modelled relatively easily since the  only im p o rtan t 
force is gravity. M odelling the  collapse and virialisation of dark  m a tte r  haloes exactly 
requires the use of num erical techniques, such as N-body sim ulations, because it involves 
highly non-linear processes. In spite of this, analytic approaches based on an extension 
of the Press-Schechter form alism  (Bond et al. 1991; Bower 1991) have been rem arkably 
successful. Such m ethods have th e  advantages of high m ass and tim e resolution, w ithout 
the need for powerful com puting resources, as dem anded by the m ore d irect, num erical 
approaches.
Gas dynam ics can also be trea ted  numerically, the  m ost common technique used 
for such purposes being sm oothed-partic le hydrodynam ics (SPH; Gingold & M onaghan 
1977), in which sm oothed particles are used to  represent fluid elem ents. R adiative
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cooling can be taken  into account using a cooling function (e.g. K atz & G unn 1991). 
Because of th e  sim ilarities between SPH and N-body sim ulations —  both  use d iscrete 
particles to  sam ple a  continuous density  field —  the two are easily com bined to  create  
hybrid codes capable of following the  evolution of bo th  dark  m a tte r  and baryons, and 
SPH  has found w idespread use in cosmology for th is  reason. B oth  of th e  above tech­
niques have been em ployed extensively to  study  galaxy-galaxy  m ergers and  in teractions 
(collisionless N -body by B arnes 1992; W alker, Mihos & H ernquist 1996; N aab, B urkert 
& H ernquist 1999; N aab &; B urkert 2001a and gas-dynam ical by M ihos & H ernquist 
1994a, b, 1996; B arnes & H ernquist 1996; N aab & B urkert 2001b).
C om pared to  th e  o ther ingredients, the  physics of s ta r  form ation  and, in partic­
ular, its relationship  to  galaxy form ation is not well understood . No firm theoretical 
predictions exist for the  ra te  of s ta r  form ation in galaxies, so galaxy form ation  models 
are forced to  rely on either em pirical rules (such as the  observed law of Schm idt 1959) or 
simple scaling relations. Furtherm ore , it is not known w hether th e  in itial m ass function 
(IM F) has a  universal form or changes w ith environm ent or cosmic epoch. T he evolu­
tion of individual s ta rs  is b e tte r  understood  (although some controversy still exists over 
the  la te r stages of stellar evolution, as discussed by C hario t, W orthey & B ressan 1996). 
If one assum es a  form for the  IM F then  it is possible to  pred ic t the  p roperties of entire 
coeval populations. In particu lar, there exist libraries of syn thetic  s te llar sp ec tra  (e.g. 
B ruzual & C hario t 1993; W orthey 1994; Jim enez et al. 1998) for s tellar populations of 
different ages and m etallicities, which can be used to  relate th e  pho tom etric  properties 
of galaxies to  their s ta r  form ation history.
T he technique of sem i-analytical modelling, pioneered by W hite  & Frenk (1991), 
was th e  first concerted  a tte m p t to  bring together all of th e  ingredients for galaxy for­
m ation in a single model. In their m ost com m on form , sem i-analytical m odels (SAMs) 
use M o n te-C arlo  realisations of th e  extended P ress-S chechter form alism  to  ob tain  s ta ­
tistica l d istribu tions of halo properties and m erger histories. T he rem aining ingredients 
are modelled using, where possible, simple physical laws or, w here th e  physics is poorly 
understood , scaling relations. Using a SAM, W hite  & Frenk were able to  pred ic t m any 
of the  basic properties of galaxies, including lum inosities, circular velocities, m etallic­
ities and s ta r  form ation rates. T he sem i-analytical approach was rapidly taken up,
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T ab le  2.1: The cosmological model.
ÎIa f^M ho v  s fib
0.7 0.3 0.7 0.93 0.04
extended and im proved by m any o ther groups, m ost notably  Cole et al. (1994), Cole 
et al. (2000, C L B F), K auffm ann & W hite  (1993), Kauffm ann, W hite & G uiderdoni 
(1993), K auffm ann (1996) and, m ore recently, Somerville &; Prim ack (1999). These 
models have successfully reproduced m any of the  global properties of galaxies in a hi­
erarchical universe and have offered explanations of, am ong other things, th e  shape of 
the field galaxy lum inosity function and the  slope (although not the  zero -po in t) of the 
Tully-F isher relation.
An a lternative  to  sem i-analytical modelling is to  identify galaxy haloes a t  a  series 
of tim es in an N -body sim ulation and in this way to  follow the  m erger histories of 
present-day galaxy haloes. This was the  approach adopted by van K am pen, Jim enez 
& Peacock (1999, v K JP ). Using an N-body sim ulation w ith a built in recipe for galaxy 
form ation (van K am pen 1995), they  found th a t  it was possible to  avoid the  over-m erging 
of haloes which is a lim itation of the  Press-Schechter formalism . Over-m erging is the  
failure to  identify or account for su b stru c tu re  within overdense regions. Preserving th is 
su b stru c tu re  allowed v K JP  to  sim ultaneously fit the A '-band lum inosity function and 
the ze ro -po in t of th e  7-band T ully-F isher relation. T he idea of ex tracting  m erger trees 
from N-body sim ulations has recently been applied by several o ther groups (Helly et 
al. 2003; K auffm ann et al. 1999).
T hroughout th is thesis, I adop t the  now stan d ard  ACDM  cosmology. T he p aram ­
eters of the cosmological model are sum m arised in table 2.1. In addition to  assum ing 
a  flat universe w ith fljyi =  0.3, I take a Hubble constan t of h0 =  0.7 (the Hubble Space 
Telescope Key P ro jec t to  m easure th e  Hubble constan t yielded a value of 0.72 ±  0.08; 
Freedm an et al. 2001) and a baryon density  of fib =  0.04, consistent with th e  con­
stra in ts  from nucleosynthesis (flb^o =  0.0190 ±  0.0018; Buries & T ytler 1998) and from 
the  microwave background (flb^o =  0.021; K rauss 2003). I adop t a  power spectrum
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norm alisation  of o$ =  0.93 (Eke, Cole & Frenk 1996); th is  was originally chosen to  be 
consisten t w ith  th e  constra in ts  from the  am plitude of CM B fluctua tions as m easured 
by C O B E  (Tegm ark 1996; see Cole et al. 1997) b u t is now generally considered to 
be an overestim ate. M ore recent estim ates (e.g. Lahav e t al. 2002) favour values of 
os =  0.7 -  0.8.
2.2 G a la xy  form ation  in N -b o d y  s im u latio n s
2.2.1 O verm erging
One of the  challenges for galaxy form ation models is to  define exactly  w hat is m eant 
by a  galaxy ‘halo ’. O bservationally, the  term  halo is applied to  th e  o u ter p a r t of the 
spheroidal m ass com ponent in a  galaxy, including s ta rs , gas and dark  m a tte r  (baryonic 
or otherw ise). In the  CDM  model, non-baryonic dark  m a tte r  is th e  dom inan t form 
of m a tte r  in th e  universe; th rough  g rav ita tional collapse it form s th e  po ten tia l wells 
in to  which th e  baryons se ttle  after recom bination to  form  visible galaxies. In this 
contex t, a  halo is to  be tho u g h t of as a collapsed, virialised region of space. In practice, 
th is is often taken  to  m ean a  region of space in which th e  m ean overdensity  is ~  
200 tim es th e  critical density, the  density co n tras t predicted by th e  spherical collapse 
model. However, dissipationless N-body sim ulations show th a t  su b s tru c tu re  survives 
in overdense regions, even in th e  dense cores of clusters (G higna et al. 2000). This is 
expected to  be even m ore im p o rtan t when dissipation is taken  in to  account, since the 
d issipational collapse of baryons com presses the  dark  m a tte r , leading to  dense cores 
th a t  are difficult to  destroy. T he problem  is also evident in the  real world: rich galaxy 
clusters, which are expected to  be fully relaxed, contain m any tens, or even hundreds, 
of individual galaxies (which presum ably correspond to  dark  m a tte r  subclum ps) and 
do no t resem ble scaled-up galactic haloes, as expected (M oore et al. 1999).
T he collapse and  virialisation of dark  m a tte r  haloes is a highly non-linear process 
and following it requires num erical techniques. N -body sim ulations use d iscrete p a rti­
cles to  sam ple th e  dark  m a tte r  d istribu tion  as it evolves under the  influence of gravity  
alone. To follow the  form ation and merging of galaxy haloes, it is necessary to  identify 
groups of partic les representing such s tructu res. T he two m ost com m on techniques
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for this purpose are th e  spherical overdensity  approach (W arren et al. 1992; Lacey & 
Cole 1994) and percolation algorithms (also known as friends-of-friends; Davis e t al. 
1985). Percolation algorithm s link particles pairwise to  form groups; the  criterion for 
linking two particles is th a t  their separation  is less than  some threshold length, usu­
ally expressed as a  fraction of the  m ean in terpartic le  distance. Spherical overdensity, 
on the  o ther hand, s ta r ts  by identifying m axim a in the  density field and then  places 
successively larger spheres around each m axim um  until the  mean overdensity reaches 
some threshold  <5 ~  200.
An alte rna tive  approach to  following the  m erger histories of haloes, employed by 
sem i-analytic models (SAM s), uses M onte-C arlo  realisations of the  extended P ress- 
Schechter form alism  (Bond et al. 1991; Bower 1991). The Press-Schechter theory  is 
a linear theory  and so does not explicitly include th e  collapse of dark  m a tte r  haloes, 
which is a  highly non -linear process. In the  Bond et al. approach, the  linear density 
field around each point in space is sm oothed over successively larger spheres to  find the 
largest sphere for which the  m ean overdensity 5 > Sc, th e  critical density expected for 
virialisation. By tak ing  the  largest spherical region, the  problem  of haloes em bedded 
in larger overdensities (the ‘cloud-in-cloud’ problem) is avoided. The extended P ress- 
Schechter form alism  has found com m on use because it m atches the  spectrum  of halo 
masses found in N -body sim ulations (e.g. Jenkins et al. 2001), which include non-linear 
effects implicitly. However, bo th  th e  analytic technique and the  halo finding algo­
rithm s described above suffer from ‘overm erging’ —  a failure to  identify su b stru c tu re  
in overdense regions.
Consider the  two s itua tions shown in Fig. 2.1, which shows the sequence of events 
for two m erging haloes. In th e  extended Press-Schechter formalism (bo ttom  panel) all 
substruc tu re  is erased when the  two haloes merge, and the  galaxies contained within 
the original haloes are released into the  new halo. Over tim e, their orb its will decay 
through dynam ical friction and they  will merge with the central galaxy. If, however, 
the  original haloes survive as su b stru c tu re  w ithin the  new halo (top panel) then  the  
galaxies w ithin each subhalo can be expected to  merge with one ano ther on a much 
sho rter tim escale th an  the tim escale to  merge with the central galaxy in the  form er 
case. T he result is a halo w ithou t a single dom inant galaxy.
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F ig u re  2.1: A sketch illustrating the problem of overmerging in galaxy formation models. 
Top panel: a typical sequence of galaxy merging within a hierarchy of subhaloes, as in 
the model presented in this thesis. Bottom panel: the predicted sequence of merging in 
a model based on the Press-Schechter formalism, in which all substructure is erased on 
formation of a new halo. Figure taken from van Kampen & Rimes (in preparation).
In th is section I describe a m ethod for incorporating  th e  form ation  of galaxy haloes 
into an N -body sim ulation. O verdense groups of particles are identified using local 
density  percolation; if a group satisfies a  condition for v irialisation it  is replaced by a 
single softened partic le  (van K am pen 1995). This is intended to  preserve su b stru c tu re  
w ithin overdense regions by preventing d isruption of groups by 2-body heating  and 
artificial tidal stripp ing . T he form er is a num erical effect due to  th e  d iscrete n a tu re  of 
the  N -body partic les used to  sam ple the m a tte r  d istribu tion , while th e  la tte r  is a real 
physical effect which is nevertheless overestim ated in purely g rav ita tional sim ulations, 
which have no dissipative m a tte r  com ponent. D issipation results in haloes w ith  dense 
cores which are less easily d isrupted , while th e  use of softened partic les results in 
haloes th a t  are  artificially ‘puffed u p ’ and more easily stripped . By applying th e  galaxy 
form ation  algorithm  m any tim es during the  evolution of th e  sim ulation, th e  form ation 
and m erging of halo particles can be followed, resulting in a m erger history, or tree, for 
each present-day halo, which takes account of th e  existence of su b s tru c tu re  explicitly.
In the  following discussion, I will use the term  halo to  describe a  region of space
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with overdensity 5 ~  ‘200, such as would be identified as a halo by percolation w ith 
a fixed linking length. T his definition is the one m ost commonly adopted in galaxy 
form ation models and corresponds to  the  Press-Schechter definition of a halo. I will 
use the  term  subhalo to  m ean a fully virialised overdensity, capable of cooling gas and 
forming a visible galaxy. A subhalo m ay reside w ithin a larger (as yet unvirialised) 
halo, or it m ay be a halo in its own right (in which case I will refer to  it as either a 
halo or a subhalo, depending on the context).
2.2.2 D efin ing subhaloes
L o c a l  d e n s i t y  p e r c o l a t i o n
Percolation algorithm s are com m only used for identifying galaxy haloes in N-body 
sim ulations. Overdense regions of space are picked out by linking up groups of dark  
m a tte r particles th a t  have pairw ise separations
i'ij ^  6 (n )-1 / 3, (2.1)
where (n ) is th e  m ean particle density over the  whole sim ulation volume. In trad itional 
friends-of-friends the  linking param eter, 6, is fixed and is chosen to  identify s tru c tu res  
with average overdensities of S — S n /(n )  ~  100 -  200, the density co n trast expected 
for virialised s tru c tu re s  in the  spherical collapse model. Fig. 2.2 shows a 2-d example, 
in which a  percolation algorithm  w ith b =  0.2 (a common choice in cosmological sim u­
lations) is applied to  an artificial overdensity, generated by random ly placing particles 
according to  a  G aussian d istribu tion  superim posed on a uniform background, w ith the 
relative levels ad justed  so th a t  an overdensity of 2002/ 3 ~  30 (because there  is one 
less dimension th an  the  usual 3-d case) is expected w ithin the do tted  circle. T he al­
gorithm  picks ou t m ost of th e  particles within the overdense region (as well as a few 
outside); the  final group contains 109 particles, slightly more th an  the 105 expected 
from the inpu t d istribu tion . However, one failure of this m ethod is th a t  it fails to 
separate  su b stru c tu re  in regions of high density (in a sense this is the opposite of the 
cloud-in-cloud problem , which is only a problem if one assum es th a t all substruc tu re  
is erased), while linking together oddly-shaped groups in low-density environm ents by 
percolating across bridges and filam ents. This was first realised by B ertschinger & Gelb
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Figure 2.2: An example of a percolation algorithm at work. Particles (filled and open 
circles) have been distributed randomly according to a Gaussian distribution with a x  = 
ay  = 0 .1 , superposed on a uniform background in such a way as to give an overdensity 
of ~  30 above the background within a circle of radius a (marked by a dotted circle). 
Filled circles mark particles identified as belonging to the largest group (and the only 
one with >  10 members) by the percolation algorithm and solid lines mark the actual 
links made. A fixed linking parameter b = 0.2 was used.
(1991); th e ir D EN M A X  algorithm  (and, la ter, its close relative SKID; G overnato  et al. 
1997) was one of th e  first a ttem p ts  to  deal w ith th is problem , by tem porarily  evolving 
the  partic le  d istribu tion  tow ards local density  m axim a, to  sep a ra te  o u t haloes in high 
density  regions.
In local density  percolation (which could be called adap tive  friends-of-friends) the 
linking length  is modified by the  local density, so th a t  groups of partic les are linked if 
they  are separa ted  by som e fraction of w hat would be expected locally. For a  Poissonian
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d istribu tion , the  m ean nearest-neighbour d istance is
r nn =  (47t(n >/3) 1/3- (2 .2)
N ote the  facto r of (47t/3) 1/,s difference between th is definition and equation (2.1). The 
local linking length for equal-m ass particles is given by
'47TnG( x i , s ) i ~ 1/3
R o(x .i ,p ,s )  =  p




- 1 / 3
(2.3)
(2.4)
where n G is th e  local density  sm oothed w ith a G aussian of w idth R s =  srj)n :
^ G(xi, s) =  (27ti?g) 3/ 2 / n ( x ' ) e x p ( - | x ! - x /|2/ 2 ^ )  d V .  (2.5)
A fu rther com plication arises when groups of particles are replaced by single, m ore m as­
sive particles. To account for the  presence of different m ass particles in the  sim ulation, 
a  particle w ith m ass m ;, an integer m ultiple of the  initial m ass mo, is placed a d istance
1y m i / mo fu rth e r away, w here it exerts the sam e gravita tional force as a particle of mass 
mo- So the  percolation length for particle i is
JR(xi, p, s ) =  prP„.
V m 0 \  (n)
(2.6)
W ith local density percolation, each particle has its own percolation length, so for each 
pair of particles the mean of the  two is taken. To prevent large groups from being linked 
together in low density  regions, due to  excessively large linking lengths, a m axim um  of 
0.32rPn is adopted:
R ij  =  min
R{-x.j,p, s ) +  R ( x j , p, s)
2
0 -3 2 C (2.7)
This upper lim it was chosen to  ensure th a t  the  field population is the  sam e as would be 
identified by percolation w ith a fixed linking length, enabling a fair com parison between 
the two techniques. This is the  equivalent to  requiring th a t  local density percolation 
find su b stru c tu re  w ithin haloes b u t not identify new haloes. T he two free param eters 
of the  model are thus s, th e  sm oothing length, and p, the  linking param eter.
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VlRIAL TEST
We only w ant to  replace groups by single particles if they  represent virialised stru c tu res .
Spitzer (1969) showed th a t  m any equilibrium  system s satisfy  a  sim ple relation  between 
their half-m ass radii, i?half, and velocity d isp e rs io n s ,^ 2) 1/ 2:
a single softened particle. T he virial tolerance, SV,  is th e  th ird  free p aram ete r of the 
model. T he choice of softening length for the  new halo particle determ ines its po ten tia l 
energy hence its  in terna l kinetic energy, since th e  system  is in virial equilibrium . T he 
softening length, e, is chosen to  m atch the  half-m ass radius of the  original group, so as 
to  conserve energy. For P lum m er softening,
(see appendix  A). Here, i?half is taken  to  be the  m ass-weighted m ean radius, since th is 
is a  less noisy estim ato r th an  the m edian. Halo particles, once form ed, m ay them selves 
be incorporated  in to  groups a t la te r tim es. In th is  way, th e  m erging of dark  m a tte r  
haloes is taken  into account autom atically .
A m inim um  of 10 particles is set on group m em bership. To prevent num erical p rob­
lems caused by excessively large single particles, an upper lim it of 2.6 X 10n /iQ 1 M q , 
or ~  200 of th e  original particles, is placed on th e  m ass of a  halo particle. G roups more 
massive th a n  th is lim it are no t replaced by single particles. T his is n o t likely to  have 
a m ajo r effect on th e  stab ility  of such groups, as groups th is massive are no t easily 
d isrup ted .
(2 .8)
This is used to  define a  virial estimator ,
y  _  „ Ç.R half(f2)
K ò G M
(2.9)
for each group of partic les identified by th e  percolation algorithm . If V  is in the  range 
1 — S V  <  V  <  1 +  S V  then  th e  group is considered to  be virialised and  is replaced by
//half — l-3e (2 .10 )
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Table 2.2: Parameters of the group finders used to define haloes and subhaloes.
G roup finder b p* s* S V *
haloes fixed 0.2
subhaloes adap tive+ virial tes t 1.0 0.5 0.5
2.2.3 T h e  subhalo population
S i m u l a t i o n s
T he sim ulation ensemble com prises five identical cubic N-body boxes, each w ith volume 
(32/ip1 M pc)3. T he initial conditions for each box, realisations of an unconstrained, 
G aussian random  field, were generated using the  algorithm  of Hoffman & R ibak (1991), 
as im plem ented by van de W eygaert & Bertschinger (1996). Initially, each box con­
tained 1283 dark  m a tte r  particles w ith m asses of 1.3 X 109h ^ 1 M q . The boxes were 
evolved using a s tan d ard  tree  code (Barnes & H ut 1986), supplem ented by the galaxy 
form ation algorithm  outlined above. Periodic boundary conditions were m ade possible 
by im plim entation of the Ewald (1921) sum m ation m ethod, as described in H ernquist, 
Bouchet & Suto (1991).
T he galaxy form ation algorithm  was applied ~  40 tim es, a t ‘sn ap sh o ts’ uniformly 
spaced in a =  1 / (1 +  z). T he param eters used to  identify virialised groups for the  galaxy 
form ation algorithm  were p  =  0.5, s =  1.0 and S V  =  0.25. This choice of param eters 
is deliberately conservative; the  idea is to  prevent disruption of tightly-bound groups 
by purely num erical effects w ithou t artificially preserving substruc tu re  which should 
be destroyed. By choosing a small linking length and large sm oothing length, and by 
applying the  virial te s t strictly , we ensure th a t only the dense cores of haloes, where 
dissipation is im p o rtan t, are replaced by single particles, while some stripp ing  of the 
outer, less tigh tly  bound p a rts  of haloes is allowed.
In Figs. 2.3 and 2.4 I com pare the groups identified using different halo finding 
algorithm s. T he top  box of Fig. 2.3 shows the dark  m a tte r d istribu tion  in one of 
the five sim ulation boxes a t  the  final snapshot. T he bottom  box shows groups of 
particles identified by percolation using a fixed linking length of b =  0.2. Each group is
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plo tted  as a  solid sphere w ith a  d iam eter th a t  scales w ith M 1/ 3, which is approxim ately  
p roportional to  linear size; th e  overall scaling of th e  group sizes is a rb itra ry  and was 
chosen to  give roughly the  right size for the  largest groups. These groups are the 
‘haloes’, as defined by th e  spherical collapse model. T he large-scale s tru c tu re  in the 
dark  m a tte r  d istribu tion  is clearly m irrored in the  halo popu lation , w ith the  largest 
haloes being s tru n g  o u t along the  filam entary  s tru c tu res  seen in th e  top  box.
T he top  box of Fig. 2.4 shows all groups identified by local density  percolation. 
T he linking p aram eters  used in th is case are listed in th e  second row of tab le  2.2. 
These choices are less conservative th an  those used in th e  galaxy form ation  algorithm ; 
th is is designed to  identify the  whole of each subhalo, ra th e r th an  ju s t  th e  dense core. 
T he no ta tion  is used to  distinguish th e  param eters  used here from  th e  equivalent 
p aram eters  used in th e  galaxy form ation algorithm . In th e  b o tto m  box of Fig. 2.4 I 
show only groups th a t  satisfy the virial criterion. W here a  group is no t virialised, it 
is replaced by its  last virialised progenitors. T he cores of the  m ost m assive haloes are 
still visible in the  subhalo d istribu tion , b u t th e  cen tral virialised region contains only 
a fraction  of the  m ass of the whole halo. T he m ost massive haloes will contain rich 
galaxy clusters and, in th is contex t, the  virialised core corresponds to  th e  region from 
which gas can cool onto  the  central cD galaxy. S ub stru c tu re  which still survives in the 
ou ter p a rts  of th e  fixed linking length groups is identified as sep a ra te  groups by local 
density  percolation.
N ote th a t  in all of th e  th ree  cases outlined above, th e  sim ulation was run using 
the  full galaxy form ation  recipe, w ith param eters  as described in section 2.2.3; th e  only 
difference is in th e  m ethod used to  identify the  final (sub)halo population .
S u b h a l o  m a s s  f u n c t i o n
T he consequences of using different group finders is illu stra ted  by Fig. 2.5, which shows 
the  differential m ass functions of haloes and subhaloes a t the  presen t day. T he pre­
dictions of P ress & Schechter (1974, light, dashed curve) and Sheth  & Torm en (2002, 
d ash -do tted  curve) are also p lo tted , along w ith the N-body m ass function of Jenkins et 
al. (2001, light, solid line). All of the  model curves (heavy lines) have been sm oothed 
w ith a  G aussian of w idth 0.1 in log10M , as in Jenkins e t al. T he d o tted  line is for
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Figure 2.3: Top panel: the dark m atter distribution in one of the five simulations at 2 =  
0. Only every tenth dark m atter particle has been plotted, for clarity. Bottom panel: the 
distribution of groups identified by percolation with a fixed linking length (the haloes). Each 
dot represents a group of particles (or a single halo particle). The diameters of the dots are 
scaled by M 1/3 (which is approximately proportional to linear size).
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Figure 2.4: Top panel: as the bottom panel of Fig. 2.3, but this time for groups identified 
by local density percolation, with parameters as listed in table 2.2. Bottom panel: groups 
identified by local density percolation and satisfying the virial criterion of equation 2.8 (the 
subhaloes). Groups that do not satisfy this criterion are split up into their progenitors.
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Figure 2.5: The differential halo/subhalo mass function for one of the five simulations. 
The heavy lines are for groups identified in the simulations presented in this work. The 
dotted line is for groups found using percolation with a fixed linking length (the haloes), 
while the dashed line is for groups identified using local density percolation, as described 
above. The solid line is for the subset of the latter that satisfy the virial test (the 
subhaloes). The light solid line is the ACDM mass function of Jenkins et al. (2001) and 
the lighter dashed and dash-dotted lines are halo mass functions from analytic theory, 
using the methods of Press & Schechter (1974) and Sheth & Tormen (2002) respectively.
haloes identified using percolation w ith a fixed linking length, b =  0.2. It com pares 
well with the  m ass function of Jenkins et al. in the  overlapping m ass range (the cut-off 
a t high masses is a  result of the  sm aller box size used in this work: 323/i~3 M pc3, as 
com pared with their 3000s 3 M pc3). C om paring the mass function obtained using 
local density percolation (heavy dashed line) with th a t obtained using a  fixed linking 
length, it can be seen th a t  the m ost massive haloes in the sim ulation, identified as single 
objects by trad itiona l friends-of-friends, are split up into sm aller subhaloes, resulting 
in fewer massive haloes. However, m any of these subhaloes do not satisfy the  virial 
tes t (equation 2.9). In these cases, the  progenitors of these subhaloes are retained as
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d istinc t en tities, fu rth e r reducing the  num ber of m assive galaxy haloes and resulting 
in th e  solid line in figure 2.5. This is correct since th e  largest collapsed ob jects  in the  
universe, galaxy clusters, are typically m ade up of m any tens, or even hundreds, of 
individual galaxies and do no t neccessarily contain a single dom inan t galaxy.
V lR IA L  PR O PER TIES
For each group of partic les in th e  N -body sim ulation we can m easure th e  following 
quantities: its to ta l m ass, M \  its half-mass (or, in practice, th e  m edian) radius, 7’halfi 
and th e  r.m .s. velocity dispersion, (u2)1/ 2. T he spherical collapse model, on th e  o ther 
hand, m akes predictions for th e  virial radius, r 2oo (equation 1.41), and the  virial ve­
locity, V200 (equation  1.39). For the  simple case of a  singular iso therm al sphere, these
quan tities  can be related  to  the  half-m ass radius and velocity dispersion as follows. 
T he virial radius of a tru n ca ted  isotherm al sphere is, by definition, r v;r =  2rhaif (since 
M (r)  cc r ) .  T he virial velocity can be related  to  th e  velocity dispersion th rough  the  
in terna l energy:
G M 2 M V 2E  =  _ r _ _ _  =  (2.11)
2 rvir 2 ’ K ’
which implies
Vc =  (v2) 1' 2 (2.12)
(it in teresting  to  note th a t  th is is the  result th a t  would be expected if all of the  particles 
were on circular o rb its  w ith speed Vc, since a partic le on a stab le  circular o rb it in an 
inverse-square law po ten tia l trivially  satisfies the  virial theorem ). In Figs. 2.6 and
2.7 I com pare the properties m easured in the  sim ulations w ith th e  predictions of the 
spherical collapse model. T he dashed lines in each panel correspond to  th e  expected 
relationships. Fig. 2.6 m akes the  com parison for all groups identified by percolation 
with a fixed linking length (haloes), while Fig. 2.7 is for all virialised groups identified 
by local density  percolation (subhaloes). In addition to  th e  properties defined above,
I also plot two derived quantities: rayn =  2rhaif /(u 2) 1/ 2, a m easure of the dynam ical 
tim e of th e  system , and S, the  spherical overdensity. Again, these are com pared to  the 
equivalent quan tities  predicted by the  spherical collapse model: r orbit =  ™'2oo/V2oo and 
¿200 (equation 1.35).
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F ig u re  2.6: A comparison of the properties of friends-of-friends haloes in the N-body 
simulation with the predictions of the spherical collapse model: (a) the velocity disper­
sion, (b) the half-mass radius, (c) a measure of the dynamical time and (d) the spherical 
overdensity. Only every tenth halo is plotted, for clarity. In each panel the squares with 
error bars denote the median and 10 and 90% quartiles of the distribution of simulated 
halo properties and the dashed line marks the relation expected for the simple case of a 
singular isothermal sphere.
B oth haloes and subhaloes give a good m atch to  the properties predicted by the  
spherical collapse model on average. However, even for the haloes there is considerable 
sca tte r ab o u t the expected properties — this intrinsic sca tte r in the properties of galaxy 
haloes is ignored in analytical and sem i-analytic galaxy form ation models. T he only 
notable difference between the properties of the two populations is the absence of any 
high velocity dispersion subhaloes and the tendency of the m ost massive subhaloes 
to have lower velocity dispersions th an  would be expected from the spherical collapse 
model. T he trend  of increasing overdensity with tim e for a A -dom inated universe (such
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Figure 2.7: As Fig. 2.6 for virialised subhaloes.
th a t  th e  expected overdensity of haloes a t the present day is nearer 400 th an  200) is 
seen in the  sim ulations, albeit w ith a  large sca tte r. N ote th a t  the  discreteness seen in 
th e  b o tto m  two panels is th e  result of the  sm all num ber of snapshots.
As an aside, we can use equations 2.11 and 2.12 to  w rite th e  virial theorem  for the  
singular iso therm al sphere as
7’haif — 0 .5 -^ r - .  (2.13)
(■v 2)
T his is clearly inconsistent w ith equation (2.8), which is valid for m ore general density 
profiles (as shown by Spitzer 1969), so th e  virial estim ato r used in the  galaxy form ation 
algorithm  does not s tric tly  apply in th is case. However, th e  difference betw een the  two 
expressions is w ith in  the  sca tte r of ±50%  allowed by the  virial te s t, so th e  effect on the 
average properties of haloes is small.
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F ig u re  2.8: The distributions of subhalo spin parameters measured in the N-body 
simulations, for four mass ranges. The masses are expressed in terms of the N-body 
particle mass, m 0 =  1.3 x  1010fto 1 M q .  The heavy, solid histogram in each panel is 
the distribution of spin parameters measured in the simulation and the heavy, dashed 
curves are log-normal fits to these histograms. The lighter curves are spin distributions 
measured by other groups (Cole & Lacey 1996, solid curve; Mo, Mao & White 1998, 
dotted curve; Dalcanton, Spergel & Summers 1997, dashed curve; the last two are both 
based on the results of Warren et al. 1992).
S p i n  p a r a m e t e r s
T he angular m om entum  of a system  can be conveniently param eterised by the dimen- 
sionless spin p aram eter
. _  J \ E \ ^
-  g m 5/'2 ' (2-14)
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Figure 2.9: As Fig. 2.8 for friends-of-friends haloes.
where M  is th e  to ta l m ass of the system , J  is the  angular m om entum  and E  is the 
binding energy. For groups of particles, these are given by
M  = J  =  ¡x v ; ,  E  = (2 -15)
i i i
In Fig. '2.8 I plot the  d istribu tion  of subhalo spin p aram eters  m easured in the 
sim ulations, for four different m ass ranges. T he m asses are expressed in term s of the  
equivalent num ber of original N-body particles, to  give som e idea of the  types of groups 
in each bin. T he ac tua l num ber of particles in a group m ay be less because th e  group 
m ay contain one or m ore halo particles. T he d istribu tions are well-fitted by lognorm al 
functions (heavy, dashed curves) w ith m edian in th e  range Ameu =  0.040-0.043, except 
for the  least massive haloes, which have Ameci =  0.063. T he la tte r  resu lt is alm ost
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certainly due to  num erical effects: the  lowest m ass bin is dom inated, numerically, by 
galaxies w ith the m inim um  num ber of particles (10) and these are severely affected by 
sta tis tica l fluctuations and by ‘in terlopers’, particles th a t  are not bound to  th e  group, 
bu t by chance are included a t a given tim e s tep 1. Fig. '2.9 shows the  spin d istribu tions 
for friends-of-friends haloes. T he m edian spin param eters for haloes and subhaloes 
agree well and bo th  agree w ith w hat is found for haloes in high-resolution N-body 
sim ulations (e.g. Cole & Lacey 1996; Mo, M ao & W hite 1998; D alcanton, Spergel & 
Sum m ers 1997; Lemson & K auffm ann 1999). F its  to  the  spin d istribu tions in Figs. 2.8 
and 2.9 yield w idths in th e  range <7in y =  0.59-0.61 for the  subhaloes, w ith friends-of- 
friends haloes having som ew hat wider distributions: cin > =  0.65-0.77. Note th a t the 
d istribu tions in Fig. 2.9 in th is plot are m ore noisy, because they  are based on only 
two sim ulation boxes (d a ta  for fixed linking length haloes was only available for these 
two). This m ay con tribu te  to  th e  increased w idths derived from the  functional fits; 
however, restric ting  the  analysis of the  subhalo spin d istribu tions to  two boxes does 
not change th e  results significantly, except in the  m ost massive bin, where there are 
too few subhaloes to  make a reliable fit.
2.2.4 Subhalo m erger trees
R e m o v i n g  d i s c r e t e n e s s  e f f e c t s
Because of the  sm all num ber (~  40) of snapshots, the  tim e resolution of th e  m erger 
trees produced by th e  above m ethod is quite coarse (0.35 Gyr a t 2  =  0). T his is the  
one m ajor disadvantage com pared to  analytic m erger trees in which the tim e resolution 
is determ ined by th e  m erger ra te  and can be different for different haloes. D iscreteness 
effects are particularly  im p o rtan t a t recent tim es, when the exact ages of stellar pop­
ulations become im p o rtan t and th e  tim e between snapshots is much larger th an  the 
s ta r form ation tim escale. To minimise these effects, I assign each subhalo a random  
form ation redshift, 2form, between the snapshot, i, when it was first identified and the 
previous snapsho t (i -  1), when it was not identified as a single, virialised s tru c tu re . 
The snapshots are spaced uniform ly in a =  1 /(1  +  z),  so I pick the form ation redshift
‘The spins of large haloes can also be affected by numerical problems, mainly resulting from peri­
odicity in the large scale s t ruc tu re  caused by the boundary  conditions (Warren et al. 1992).
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from a to p -h a t d istribu tion  in a:
{0 inform ^  Oj—1ai — a¡ - 1  ®¿—1 ^  ® form  ^  i (2.16)
0  ® form  ^
w here a¿ is th e  expansion factor of th e  universe a t snapsho t i. T he form ation  redshift 
of the  halo is th en  2 form =  ( l / a f orm) — 1.
E x a m p l e  m e r g e r  t r e e s
In Figs. 2.10 and 2.11 I plot four exam ples of subhalo m erger trees. Each subhalo in 
the  trees is represented by a  circle, w ith d iam eter scaling as M 1/ 3, a t  th e  redshift when 
it form ed. T he m ost massive progenitor of each present day subhalo  is m arked by a 
s ta r . Solid lines show th e  p a th  by which each of th e  original progenitors is incorporated  
into th e  final subhalo. Subhaloes form in two ways: either by the  m erging of several 
progenitor subhaloes or, in th e  case where there is only one progenitor, by sm ooth  
accretion of m ass onto  an existing subhalo. Thus, each circle represents one of these 
types of event. Below each tree, I plot the  fraction of th e  final m ass in resolved, virialised 
progenitors (solid line) and in the m ost massive progenitor (do tted  line) as a function 
of redshift.
I have chosen the  four exam ples to  illustra te  th e  wide variation in the  m erger 
histories of present-day galaxies. T he two subhaloes shown in Fig. 2.10 have com parable 
final m asses, bu t in case (b) the  final mass was built up slowly, m ostly th rough  sm ooth  
accretion, while m ost of the  final m ass in (a) (which is, in fact, th e  m ost m assive subhalo 
in th e  sim ulation) cam e together in a m ajor m erger event (w ith significant accretion) 
a t z ~  0.5. Fig. 2.11 shows th e  opposite end of the  m ass spec trum : in (a) I plot th e  
m erger h istory  of a  low-mass subhalo th a t formed in a single m erger a t  2  ~  3.5 and
has grown very little  since, while in (b) I show a subhalo th a t  form ed very early  in the
sim ulation and has since grown only by sm ooth  accretion.
2.3 B a s ic  in gre d ie n ts  for g a la xy  form ation
For th is section only, I d rop the prefix from subhalo and sim ply use the  term  halo to  
refer to  th e  elem ents of th e  m erger trees. This is m ainly done for convenience and also
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Figure 2.10: Examples of subhalo merger trees. The top panel in each plot shows the distribu­
tion of progenitors of the present day subhalo as a function of redshift. The sizes of the circles 
scale as M 1/ 3 and solid lines indicated the order of merging. In the bottom panels, the fraction 
of the final mass is plotted as a function of redshift, for all resolved, virialised progenitors (solid 
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F ig u re  2.11: Further examples of subhalo merger trees. For a detailed description see Fig. 2.10.
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because the model presented here can be applied equally to  m erger trees consisting of 
haloes or subhaloes.
2.3.1 G alaxy m erging
Each new halo initially form s a single galaxy a t its centre; when haloes merge, the  ou ter 
regions of the  progenitor haloes are d isrupted bu t the  baryonic cores survive for som e 
tim e as d istinct entities. In the  following discussion, I use the term  galaxy to  refer to  the  
gas, s ta rs  and any dark  m a tte r  associated w ith an individual baryonic condensation. In 
addition to  the  dom inant central galaxy, a  halo m ay contain several satellite galaxies. 
These satellite galaxies o rb it th e  centre of the new halo, losing orb ital energy through  
dynam ical friction until they  merge w ith th e  central galaxy in the  halo, or until the  
halo in which they  are orbiting  is incorporated into a  more massive halo.
To decide which galaxies m erge w ith the  central galaxy, a m erger tim escale, r mrg, 
is calculated for each satellite using dynam ical friction argum ents, as described below. 
Those satellites for which r mrg is less th an  the  tim e available for m erging are merged 
w ith the central galaxy a t the tim e of the halo merger event. The s ta rs  in these galaxies 
are placed in the bulge of the  central galaxy and their reservoirs of hot and cold gas are 
merged w ith the respective reservoirs of the central galaxy. I assume, for the m om ent, 
th a t the disc of th e  central galaxy is unperturbed  by the merger, which should be the 
case if the satellite  is much sm aller th an  the central galaxy (W alker, Mihos & H ernquist 
1996), but. no t if the  m asses of the two galaxies are com parable (e.g. B arnes 1992). I 
also ignore, for now, the  possibility th a t  significant quantities of gas will be driven into 
the centre of the surviving galaxy by the merger, fuelling a nuclear s ta rb u rs t.
If a satellite  does not merge before the end of the halo lifetime then it keeps the  
properties (circular velocity, angular m om entum , etc.) th a t  it had in the  previous halo. 
Thus, if a galaxy survives as a  satellite through a succession of different halo mergers, 
its original properties are preserved until such tim e as it does merge, or until the present 
day.
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Figure 2.12: Dynamical friction timescale as a function of the ratio of the masses of the 
satellite galaxy and its parent halo. Curves are plotted for (top to bottom) / mrg =  2, 1, 
0.5 and 0.1.
D y n a m i c a l  f r i c t i o n
T he tim e needed for a  point-m ass satellite, s ta rtin g  on a circular o rb it a t  the  virial 
radius, to  lose all of its o rb ital energy is given by the  C handrasekhar (1943) form ula 
and can be shown to  be
l.lT rV C c
mrs G M satln (M halo/M sat) ’ 1 ' ’
(Binney & Trem aine 1987, equation 7-26), w here Mhai0 is th e  m ass of the  p aren t halo 
and M sat the  m ass of the  satellite. Since this expression relies on approx im ating  the 
satellite  as a  po int m ass, it is only stric tly  valid for sm all (M sat -C M haio), com pact 
satellites. I take th e  m ass of the  satellite  to  be th a t  of the  halo in which the  satellite  
previously resided; im plicit in th is is the  assum ption th a t  the  dark  halo of th e  satellite 
is no t s tripped . E quation  (2.17) can be rew ritten  as
0.3722M haio/M sat
In (IWh a]o/ T7sat)
-Torbit, (2.18)
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where r orbit is defined to  be half the  orb ital tim e a t the virial radius (or approxim ately  
the orb ital tim e a t  th e  half-m ass radius for m ost density profiles):
7rrvir ( n'i
Torbit =  —y ~ -  (2.19)
E quation (2.18) is an upper lim it to  the merging timescale: a galaxy s ta rtin g  from  a 
random  o rb it will typically fall to  the  centre of th e  halo in a shorter tim e (a factor of 
~  0.7 on average; C LB F).
T he procedure for ob tain ing  galaxy m erger histories from those of their paren t 
haloes is as follows. For each galaxy I calculate a m erger tim escale using the  general 
expression
_ r  M ha\0/M sat
-  W d y n i n ( M h a l o / M s a t ) 1 ^ - 2 U j
where I leave / mrg as a free param eter. This is plo tted  in Fig. 2.12 for different values 
of /mrg- T he curves are cu t off a t M sat/M haio =  0.5; there is an unphysical singularity  
a t M sat =  Mhaio, resulting from a breakdown in the approxim ations used in deriving 
the equation, specifically th e  assum ption of a point m ass orbiting in a  fixed potential. 
By definition, no satellite  can have M sat > 0.5Mhaio, since th is would make it the m ost 
massive, and hence the  central, galaxy in the  halo. In practice, alm ost all satellites 
have A'Fat <c A /la|0■
A first estim ate  of th e  tim e available for m erging is the  lifetime, íi¡fe, of the new 
halo. However, th is relies on the  assum ption th a t all galaxies en ter the halo on random  
orbits (here, I take random  to  m ean simply th a t equation 2.20 is a good estim ate  of 
the tim e taken  for an o rb it to  decay). T he validity of th is assum ption depends on 
the n a tu re  of the  m erger event in which the new halo formed. Consider two extrem e 
cases: if a massive halo merges w ith a much sm aller one to  form a new halo then  the 
orb its of satellites in the  larger of the two progenitors can be expected to  be relatively 
unperturbed  by the  event (in fact, it could be argued th a t th is does not constitu te  a 
new halo a t all, b u t sim ply a continuation of the m ost massive progenitor); if, on the 
o ther hand, a halo form s from the  m erger of two or more equal-m ass progenitors then 
the poten tial of th e  new halo will initially be chaotic and the orbits of any galaxies 
present will be scram bled.
I define two scenarios, which I will call major and m inor  mergers. A m ajor m erger
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occurs when a halo is incorporated  into a  much m ore massive halo, while th e  term  m inor 
m erger applies to  the  opposite s ituation  in which a halo grows by a sm all am ount. T he 
critical m ass ra tio  dividing these two regimes is / ’major» th e  m axim um  m ass ra tio  for a 
m ajo r m erger (note th a t  bo th  term s can describe the  sam e  m erger event; for instance, 
in a b inary  m erger, the  galaxies in the  sm aller halo m ight experience a  m ajo r m erger, 
while those in th e  larger halo experienced a m inor m erger).
M ajor m erger If M prev <  /major Afhaioi where Mhaio is th e  m ass of th e  new halo and 
Mprev th e  m ass of the  halo in which the  galaxy previously resided, th en  th e  galaxy 
is assum ed to  en ter the  new halo on a random  orbit. In practice, th is m eans th a t  a 
new m erger tim escale is calculated for th is galaxy using equation  (2 .2 0 ), based on the  
properties of th e  new halo. T he m erger ‘clock’ is reset, so th a t  th e  tim e available for 
th e  galaxy to  m erge is sim ply th e  lifetime of the  new halo.
M inor merger If M prev ^  /major^fhalo then  I assum e th a t  th e  o rb it of th e  galaxy is 
essentially u n p ertu rb ed . In th is case, the  galaxy re ta ins its m erger tim escale from  the  
previous halo in which it resided, bu t the lifetime of the  new halo is added to  the  tim e 
available for m erging.
2.3.2 Th erm a l and chem ical evolution of gas in haloes
G a s  c o o l i n g
Once a halo has virialised, we need to  follow th e  evolution of th e  baryonic com ponent 
of th e  galaxy, initially in the  form of hot (~  106 K) gas. As it cools, it loses its  pressure 
su p p o rt and falls to  the  bo ttom  of the  halo po ten tial well. A galaxy halo begins life 
w ith a  ho t gas reservoir containing a m ass Mh of ho t gas. It is generally assum ed th a t,  
during  virialisation, th e  ho t gas is shock heated to  th e  virial tem p e ra tu re  of th e  halo:
(2 .21)
Hot, ionised gas cools radiatively a t  a  ra te , per unit volume, given by
L  — n eA(Tgas, ¿/gas), (2.22)





Figui-e 2.13: The normalised cooling rate of ionised gas as a function of temperature and 
metallicity (the cooling function). Cooling rates for different metallicities are calculated 
by linear interpolation of the cooling functions for solar and primordial metallicities, 
given by Sutherland & Dopita (1993).
where ne is the  electron num ber density and A(T, Z )  is the cooling function, the  value 
of which depends on th e  tem p era tu re  and m etallicity of the  gas. In figure 2.13 I plot 
the cooling function for a range of metallicities; these have been calculated by linear 
interpolation (or ex trapo la tion  for Z  > Z q ) of the solar and prim ordial m etallicity 
cooling functions of S utherland  & D opita  (1993).
We can define a cooling tim escale, r cooi, by
■̂,gas)̂ ~cool — (2.23)
the tim e taken for the  gas to  rad ia te  away m ost of its original energy. R e-arranging 
equation (2.23) gives
^cool(Pgasi îgas) — n
  3 Pga kT,gas
2  f LTllp 71c A("Z gaS; Z,gas)
(2.24)
where pgas is the  local gas density  and fi ~  0.58 is the mean molecular weight (assum ing 
a mix of 77% hydrogen and 23% helium). It is assum ed th a t the baryons initially have
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an isotherm al d istribu tion :
Pgas(r) -  4^ G,Cr 2 . (2.25)
where / g is th e  fraction of the  halo m ass in the form  of hot gas. Hence, the  cooling 
tim escale is an increasing function of radius and there  will be a rad ius a t  which it is 
equal to  th e  lifetime of the  halo (defined to  be the  tim e since th e  form ation  of the 
halo or since the  last m erger event). T he m ass of gas th a t  can cool over th e  curren t 
lifetime, ¿iife, of the  halo is thus given as a  function of tim e by th e  m ass of gas contained 
w ithin th is radius. Inserting equations (2.21) and (2.25) in to  equation  (2.24) and setting  
Tcool — flife gives
X e  / g  A  ¿life
T’cool (^life) —
and hence
Alcool (¿life) — q
X
3nG (fj,m py
/g  K  r cool
1/2
(2.26)
m f l ' 2 V ì n t i l i  (2.27)
/ r m p ( 3 7 tG 3 ) 1/ 2
where Xe — 0.52 is th e  num ber of electrons per particle, again assum ing a  77 /23  mix 
of hydrogen and helium.
S t e l l a r  f e e d b a c k
G as in th e  cold in terste llar medium  can be reheated, and even com pletely ejected from 
a halo, by energy o u tp u t from  supernovae and winds associated w ith young, massive 
sta rs . I model th is feedback process using the  sim ple param eterisa tion  of C LB F, in 
which the  ra te  a t  which gas is reheated is proportional to  the  s ta r  form ation  ra te , i fSF:
A/rh =  /3{Vc)ipsF- (2.28)
T he dependence of th e  feedback efficiency on th e  dep th  of th e  halo po ten tia l well is 
approx im ated  by a  power-law function of the  (m axim um ) circular velocity of th e  disc:
/3(K ) =  (Vc/V hot)~ a*°K (2.29)
For th e  sim ple case of a massless disc in a halo w ith an iso therm al sphere profile, the
circular velocity of the disc is equal to  the  virial velocity, Vc, of th e  halo. T he param eter
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Fhot controls the  overall stren g th  of stellar feedback, while «hot controls th e  dependence 
on the circular velocity, which is a m easure of the depth  of the  grav ita tional poten tial.
T he cold gas reservoir is thus depleted a t a ra te
- M c =  M* +  M rh -  Mcool (2.30)
R eheated gas is added to  the  hot gas reservoir b u t is not allowed to  cool, or to
affect the  cooling properties of the  hot gas, until after the  next m erger event. It is 
neccessary to  delay cooling of the  reheated gas for feedback to  have the  desired effect of 
suppressing s ta r  form ation . Delaying cooling until after the  next m erger is an a rb itra ry  
choice m ade m ainly for convenience since, in any case, we do no t know th e  d istribu tion , 
and hence the  cooling properties, of reheated gas; after a m erger event I assum e th a t  
the whole of the  ho t gas reservoir is reheated to  the  virial tem peratu re  of the new halo 
and adop ts an isotherm al profile (equation 2.25).
C h e m i c a l  e v o l u t i o n
T he m aterial re tu rned  to  the  cold ISM by stellar winds and supernovae will have been 
chemically enriched by the  nuclear processes inside the  stars . Each unit m ass of s ta rs  
th a t  form eject, as p a rt of the  recycled gas, a m ass y of new m etals, where y  is the 
effective yield. These new m etals are assum ed to  mix instantaneously  w ith the  cold 
gas. T he evolution of the  m asses of m etals, mj, and toc, in the hot and cold reservoirs 
respectively is given by
m c =  Z\].V/cooi — Z c(l  -(- (3 R ) 'f sf T  y f sFi (2.31)
Z\^il/cool T  Z cfllpsf T  ^fprim-Ifnew' (2.32)
where Z c — m c/M c and Z h =  m.c/ M m M new is the ra te  of accretion of new baryons by 
the galaxy halo; these have prim ordial m etallicity Z pr\m ~  0.0002.
The choice to  add the  m etals to  th e  cold gas is one of two extrem e possibilities; 
the alternative scenario is one in which m etals are ejected directly into the  hot gas, 
along with gas reheated by supernovae. The real situation  is alm ost certainly some 
com bination of these two extrem es: m etals are initially ejected into the cold ISM but, 
since the prim ary process responsible for this (supernovae) is the sam e one responsible
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for reheating  cold gas to  the  ho t phase, it is likely th a t  the  reheated  gas will have higher 
th an  average m etallicity. K auffm ann Si C hario t (1998) in troduce a free p aram eter to  
describe th e  fraction  of m etals retained in the disc; for simplicity, I assum e th a t  the  
gas reheated  by supernovae has a m etallicity typical of th e  disc as a  whole.
S t r i p p i n g  o f  g a l a x i e s  in  m e r g e d  h a l o e s
Satellites orb iting  in a halo have their hot gas reservoirs strip p ed  away and added to 
th e  hot gas reservoir of the  p aren t halo, from where it can cool only on to  the  central 
galaxy. T hus, satellite  galaxies do not accrete any new gas once they  are  incorporated  
into a larger halo. T hey  do, however, re ta in  their own reservoirs of cold gas and so can 
continue form ing s ta rs  for som e tim e after the  m erger event. Any gas reheated  by s ta r  
form ation  is also removed and added to  th e  hot reservoir of th e  central galaxy.
2.3.3 Star form ation in discs
Cooling gas falls to  th e  b o ttom  of the halo po ten tial well, where it form s a  th in , ro ta tin g  
disc in centrifugal equilibrium . S tars  form in th e  disc a t  a ra te  i/)SF, given by
V’sf =  ------- • ( 2 .3 3 )
7"disc
Simple m odels of s ta r  form ation , in which the  s ta r  form ation  ra te  (SFR) depends 
only on local physics, often lead to  a s ta r  form ation law of th e  form  >̂SP oc 1 /Tdjsc 
(e.g. Silk 1997) or £ SP oc £ ”as w ith n  ~  1.5 (e.g. D op ita  Si R yder 1994; Sleath Si 
A lexander 1995). T his form was also found by K enn icu tt (1998) to  give a  good fit to  
th e  observed global SFR s of galaxies under a  wide range of conditions, from  norm al 
spirals to  circum nuclear s ta rb u rs ts . Here, M c is th e  m ass of cold gas available and rdisc 
is th e  dynam ical tim escale of the  disc, which I define to  be th e  o rb ita l tim e a t the  disc 
half-m ass radius rhalf:
Tdisc =  2 '7 ti? h a lf/f/c(-R half) ( 2 .3 4 )
(th is is a different definition to  th a t  used by K ennicu tt, who defined it a t the  ou ter 
edge of the  optical disc; it is, however, the  definition preferred by sem i-analytical m od­
ellers, e.g. C LB F, and I use it to  enable d irect com parisons w ith o th er m odels). The
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dimensionless s ta r  form ation efficiency, e*, is simply the fraction of the  available gas 
converted to  s ta rs  per dynam ical tim e.
I make the  s tan d ard  assum ption of an exponential surface density profile for the  
cold gas:
Z c(R ) = - ^ e x p ( - R / R d) ,  (2.35)
where M c is th e  m ass of gas in the  cold reservoir. The exponential scale length, Rd =  
-Rhaif/1-678, is determ ined by the balance between gravity  and the  centrifugal force 
generated by the angular m om entum  of the disc. For a disc with a flat ro ta tion  curve
R d =  (2.36)
where jdisc is th e  specific angular m om entum  of the disc m aterial, which I assum e 
for the  m om ent to  be the  sam e as th a t  of the  halo, and Vc is the  (constant) circular 
velocity. I leave unanswered the  question of how the exponential surface m ass density 
profile arises and sim ply assum e th a t, somehow, the disc m aterial arranges itself into 
the required configuration and m aintains its exponential profile a t all subsequent tim es.
A fraction 7Z of the  m ass of s ta rs  formed is re turned  to  the  cold gas reservoir by 
stellar winds and supernovae. T he m ass of long-lived s ta rs  thus increases a t a ra te
M* =  (1 -  7Z)i/>sf- (2.37)
T he ‘recycled’ fraction depends on the adopted IM F (see section 2.3.5) and is a function 
of the age the  sta rs . For simplicity, I assum e th a t  all of the gas is re turned  in s tan ta ­
neously a t the  tim e when the  s ta rs  form; in this case a value of 7H ^  0 . 3  is appropria te  
for a Salpeter IM F. T he gas in the  cold reservoir is thus used up a t a ra te
— M c =  M*. +  M r h — M cooi
=  (1 + / 3 -  U)ipSF -  M cooi. (-2.38)
In tegrating  equation (2.38) over a tim e step  A t and assum ing th a t all of the  gas 
cools a t the  s ta r t  of th e  tim e step  gives the  m ass of s ta rs  formed:
M sf =
1 +  0 - K
1  — e dy° (2.39)
where M °  is the  m ass of cold gas a t the  s ta r t  of the  tim e step.
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To pred ic t th e  pho tom etric  properties of s tellar populations, it  is also neccessary 
to  know th e ir m etallicities. I assum e th a t  the  initial m etallicity  of s ta rs  is th a t  of the  
cold gas from which they  formed.
2.3.4 Starbursts
In addition  to  the  quiescent m ode of s ta r  form ation described above, I consider a bu rst­
ing m ode of s ta r  form ation , triggered by m ajo r m erger events. A galaxy en tering  a halo 
m ore th a n  l / / major tim es th e  m ass of the  halo in which it previously resided experiences 
a bu rst of s ta r  form ation . Such bursts have two causes: com pression of in terste llar gas 
clouds in galaxies as th ey  fall into the  higher pressure in trac lu ster m edium  of the  new 
halo (E vrard  1991) and the  increased frequency of in teractions, as a  result of the  new 
dynam ical environm ent (M oore, Lake & K atz 1998). Such behaviour can be observed 
in high-redshift clusters in the  form of a large population of blue galaxies (B utcher & 
Oem ler 1978).
I approx im ate  the  dura tion  of the  burst by an estim ate  of th e  dynam ical tim escale 
of th e  halo:
¿burst =  (2.40)
where rhaif is th e  half-m ass radius of the  halo. D uring th is  tim e, ho t gas continues to  
cool onto  th e  m ost m assive galaxy, increasing the  am ount of cold gas available to  fuel 
the  s ta rb u rs t. Quiescent s ta r  form ation in the discs of galaxies is suppressed until after 
the  bursting  period is over. I model the  s ta rb u rs t itself using the  sim ple scaling law of 
Cole et al. (1994):
/  y  \  ^burst
Tburst(Vc) =  r burst (3 0 0  k m s - 1 )  • (2  -4 1 ^
It is often assum ed th a t  the  increased frequency of galaxy -galaxy  in teractions 
results in efficient channeling of gas into the  centres of galaxies, triggering  s ta rb u rs t 
ac tiv ity  in th e  nuclei, bu t the  fain t blue galaxies seen in high-redshift clusters are of 
predom inantly  la te  types (Dressier e t al. 1994). M oore, Lake & K atz  (1998) showed 
th a t  frequent encounters between galaxies in the  cluster environm ent initially resu lt in 
d isto rted  spirals, which evolve into ellipticals over tim escales of G yr. For these reasons, 
I choose to  place s ta rs  form ed in bursts  in th e  discs of galaxies.
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2.3.5 M agnitudes and colours
S t e l l a r  s p e c t r a l  s y n t h e s i s
T he s ta r  form ation histories of galaxies are used to  predict the  m agnitudes and colours 
of galaxies by com bining them  with the GISSEL library  of synthetic stellar populations
grid of simple stellar populations (SSPs) —  populations of mass 1 M@ form ed in an 
instan taneous bu rs t a t some tim e — with ages a t 0.01 G yr spacings, for a  range of 
m etallicities. These are weighted according to  the  s ta r  form ation history  of a given 
galaxy and added together to  give the  present-day spectrum :
It is neccessary to  sum  over all progenitors, i, of the curren t galaxy, which potentially  
consists of m any separate  stellar populations th a t formed a t the  sam e tim e, bu t in 
different progenitor haloes and hence with different m etallicities.
T he present-day luminosity, a t a, given wavelength, of a SSP formed a t tim e t is
where l \ ( m , Z , t 0 -  t ) is the  lum inosity of a  single s ta r  of m ass m  and m etallicity Z  
formed a t tim e t. T he spectrum  of a stellar population depends not only on its age, 
bu t also on its m etallicity; in Fig. 2.14 I plot the evolution with age of 4 broadband 
m agnitudes (B , V , I  and I<) and 2 colours (B  -  V  and B  -  K )  for SSPs w ith th ree 
different m etallicities: one solar (Z q  =  0.02), one sub-solar (Z  = Z q /  10) and ano ther 
super-solar ( Z  — 2 .5Z q ) .  T he m ost obvious features in Fig. 2.14 are th a t  stellar 
populations of all m etallicities fade over tim e and become redder. There is a colour 
degeneracy between age and metallicity, in the sense th a t, in addition to  old s ta rs  
being redder th an  young stars , high m etallicity stars  of a given age are redder th an  low 
m etallicity ones.
The evolution of a SSP also depends on the IM F. The curves in Fig. 2.14 are for 
a Salpeter (1955) IM F:
(Bruzual & C hario t 1993). I in terpolate  between the  spec tra  provided to  generate  a
(2.42)
L \ SP{ Z ,t0 -  t) -  í  l \ (m , Z , to — t) dm ,
d m  m (2.43)
d n /d m  oc m  (a- =  1 .3 5 ) (2.44)
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Figure 2.14: Evolution of the broadband colours and magnitudes of a simple stellar population 
of mass 1 M q . The different curves in each panel illustrate the behaviour of stellar populations 
of different metallicities: solar (Z q  = 0.02, solid lines), sub-solar (Z  = Z q /  10, dotted lines) 
and super-solar (Z  =  2.5Z q , dashed lines).
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m / Mq
Figure 2.15: The stellar initial mass functions of Salpeter (1955, solid line), Scalo (1986, 
dotted line) and Miller & Scalo (1979, dashed line). Each curve is normalised to a total 
mass of 1 M q  between upper and lower limits of 125 M q  and 0.1 M q , respectively.
which I assum e th ro u g h o u t th is thesis. T he GISSEL library also provides synthetic 
spec tra  for two o ther choices of IM F: those of Scalo (1986) and Miller & Scalo (1979); 
these take the  form  of broken power laws with several segm ents (6 in th e  case of Scalo 
and 4 for M iller-Scalo). In Fig. 2.15 I com pare the th ree posible choices of IM F. All 
th ree curves are norm alised to  a to ta l m ass of 1  M q . Qualitatively, all th ree  IM Fs 
have the  sam e behaviour: the  num ber of s ta rs  exhibits a power-law increase with 
decreasing mass, down to the  lim it of 0.1 M q . Stars below this mass do not have a 
high enough central pressure to  trigger widespread nuclear fusion; the num bers of such 
faint ‘brown dw arfs’ is uncertain  and can be allowed for by introducing the  param eter 
T  =  M * ( to ta l) / M * ( >  0.1 M q ) . The main consequence of a large population of such 
stars , if it did exist, would be to  lock up some fraction of the available baryons in a 
dark  form. N ote th a t  they  should not be included in the s ta r form ation law, since 
this is m otivated by observations which also rely on an assum ed IM F and im plicitly 
neglect the brown dw arf population (e.g. K ennicutt, Tam blyn & Congdon 1994). The
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Figure 2.16: Evolution of the broadband colours and magnitudes of a simple stellar population 
of mass 1 Mq . The different curves in each panel are for different initial mass functions: Salpeter 
(1955, as used in this thesis, solid line), Scalo (1986, dotted line) and Miller & Scalo (1979, 
dashed line).
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X / nm
F ig u re  2.17: The Galactic interstellar extinction law of Cardelli, Clayton & Mathis 
(1989). A \  is the average amount of extinction, in magnitudes, at wavelength A and 
the curve has been normalised to unity at a wavelength of 550 nm, corresponding to the 
centre of the V band. Superimposed are the responses of some of the standard Johnson 
filters, in logarithmic units.
evolution of the  broadband  m agnitudes and colours of SSPs with the  sam e m ass ( 1  M©) 
and m etallicity (solar), bu t different IM Fs, is illustrated  in Fig. 2.16. A lthough the 
in tegrated  flux in a given waveband depends strongly on the assum ed IM F, the colours 
are essentially independent. This is because, a t a given age, the stellar populations are 
dom inated by the  sam e type of s ta r  — those close to  the main sequence tu rn -o ff—  and 
hence have the sam e spectral shape; the only difference is in the  norm alisation, which 
is determ ined by the num ber of those stars . For young populations, the  Salpeter IM F 
lies between the o ther two but, for old populations, it gives more flux because of the 
larger num bers of low-mass stars .
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D u s t  a b s o r p t i o n
Stellar spec tra l synthesis models give us th e  sp ec tra  of ‘nak ed ’ s tellar populations. To
reproduce th e  observed sp ec tra  of galaxies, we need to  take into account the  light which 
is absorbed by d u st w ithin the  galaxy. T he physics of dust form ation  and its d istribu tion  
in galaxies is poorly understood  and, consequently, difficult to  m odel directly. For th is 
reason, I ad o p t a  sim ple model, in which the  am ount of ex tinction  scales w ith the 
lum inosity of th e  disc. W ang & Heckm an (1996) find the  following relation between 
th e  face-on optical dep ths of disc galaxies and their absolute lum inosities in th e  B  band:
Here, L*B is the  unextincted  H -band lum inosity corresponding to  the  knee of the
of rjg =  0.8, i /g  =  1.3 X 10 10  (corresponding to  an intrinsic m agnitude of M B =  —20.5) 
and (3 =  0.5, as found by W ang & Heckm an.
For a ID  slab, w ith face-on optical dep th  Tg in the  B  band, th e  extinction  is a 
function of inclination, i, and is given by
I determ ine the  value of Tg for an individual galaxy using observations of local spiral 
galaxies. 1 assum e th a t  dust absorption affects only light from  th e  disc. As yet, I take 
no account of th e  chemical evolution of galaxies when calculating  th e  optical dep th  
to  d u st absorp tion . O ptical dep ths in the  B  band are converted to  o ther bands using 
th e  m ean G alactic  ex tinction spectrum  of Cardelli, C layton & M ath is (1989), which is 
shown in Fig. 2.17. T he optical dep th  a t w avelength A is given by
(2.45)
Schechter function and tb  is the  typical optical dep th  of an L B galaxy. I ad o p t values
(2.46)
T\ =  Tg (A a/A g)G ah (2.47)
w here A \  is the  m ean ex tinction a t w avelength A m easured in th e  Galaxy.
2.3.6 D ealing with finite m ass resolution
A m inim um  of 10 particles is set on the  size of groups found by th e  percolation al­
gorithm . T his corresponds to  a halo m ass of ~  1010 M q . In th e  s tan d a rd  p icture of
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hierarchical s tru c tu re  form ation, it is expected th a t gas will be able to  cool a t high red- 
shifts in s tru c tu res  sm aller th an  this minimum mass. These struc tu res will eventually 
be incorporated  into the  larger haloes seen in the  N-body sim ulation, along w ith any 
s ta rs  and cold gas they  contain. As well as allowing more tim e for gas to  cool, ‘o ld ’ 
stellar populations have two effects on the  evolution of galaxies a t la ter tim es: they  lock 
up cold gas, m aking it unavailable for in  situ  s ta r  form ation in larger haloes and they  
pre-enrich the rem aining gas with m etals, w ith the result th a t  gas cools faster when it is 
finally incorporated  into a  resolved halo and la ter stellar populations are redder. These 
effects are expected to  be sm all in m ost cases (an assum ption th a t  will be tested  la ter), 
particularly  since feedback is very efficient a t suppressing s ta r  form ation in low-mass 
haloes, bu t 1 a tte m p t to  account for them  using a simple model.
W hen a halo accretes new m ass, which has not previously been in a resolved halo, 
I assum e th a t  it is in the  form  of identical sub-resolution haloes with m asses M m;n/ 2 , 
where is the  m inim um  halo m ass imposed by the halo finder. I adop t a form ation 
tim e of / fonn/ 2  for the  old populations, where iform is th e  form ation tim e of the  first 
resolved s tru c tu re  into which t he m a tte r  is incorporated , so th a t  th e  tim e available for 
gas to  cool is A, 1,1 =  /form/2. T he virial velocity of a halo of mass M  a t  tim e t scales 
approxim ately as I ).3 AI t (th is is exact only for the  case of a flat m atter-dom inated
universe; however, at redshifts s  > 1 , the contribution from  vacuum  energy is negligible, 
so this is a good enough approxim ation, given the sim plicity of the m odel). This yields
f M  ■ \  1 / 3t - t - / iUmin \ , _ .
0!d ~  C U 4 a k J  ’  ̂ ^
where is the  virial velocity of the  resolved halo. Since this p a rt of the  modelling 
does not need to  be accura te , these approxim ations should be sufficiently good.
The ra te  of gas cooling in sub-resolution haloes is given by the  equivalent of equa­
tion (2.24):
>2-49)
I assum e prim ordial m etallicity  to  calculate A (7 \ Z ).
R ather th an  calculate the s ta r  form ation timescale from the disc properties, I
model it as a sim ple power law of the circular velocity of the  haloes:
 0 (  lol.i yWoMt _
'* *(oWJ \ 300 km S“ 1  /  ' i - - ' 0 '
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This sim ple s ta r  form ation prescription was used by Cole e t al. (1994) to  m odel s ta r  
form ation  in galaxies of all sizes and provided a good fit to  m any of th e  observed prop­
erties of galaxies. By using th is param eterisa tion  I also avoid m aking any assum ptions 
ab o u t the  p roperties of the  discs (if indeed any exist) th a t  reside w ithin these small 
haloes. T he old populations are added to  the  bulge of the  central galaxy as if they  were 
m erging satellites and any rem aining cold gas is added to  th e  disc of th e  galaxy.
T he values chosen for th e  param eters  y old and f0ia are only approx im ations to  the  
average p roperties of the  sub-resolution haloes. A lthough ste llar populations formed 
in these s tru c tu re s  m ake up only a  sm all fraction of th e  present-day  light of galaxies, 
they  become increasingly im p o rtan t a t higher redshifts. I t will be neccessary, as the 
o ther ingredients of th e  models im prove, to  model th is aspect of galaxy form ation in a 
m ore realistic way. A m ore satisfacto ry  approach would be to  ex tend  th e  m erger tree  to  
lower m ass haloes, e ither using higher resolution sim ulations or by a ttach in g  analytic 
‘leaves’ to  th e  ends of the  m erger tree.
2.4 C o n s tra in in g  the  m odel: a basic p aram e te r set
T he p aram eters  of th e  galaxy form ation m odel are sum m arised  in tab le  2.3, where I 
also list the  values adopted  in th e  basic param eter set. T he tim e step , A t, over which 
gas cooling, s ta r  form ation, feedback and chemical evolution are evaluated  is chosen to 
be much sm aller th an  the  tim e resolution of th e  m erger trees. In principle, steps as 
sm all as 10 M yr are possible; th is is the  age of th e  youngest SSP. As in vK JP , I take  
th e  p roperties of the  stellar populations to  be fixed in order to  investigate th e  effects 
of varying th e  galaxy form ation  recipe. I adop t a Salpeter (1955) IM F, and fix the 
contribu tion  from low-mass s ta rs  (T) to  give th e  observed num ber of L * galaxies for 
th e  basic p aram ete r set. It is tem pting  to  assum e T  =  1, as in vK JP , b u t th is seems 
to  be inconsistent w ith the  observations, as I will show. T he effective stellar yield and 
recycled fraction are w ithin the bounds set by stellar evolution m odels (e.g. W oosley & 
W eaver 1995; M arigo 2001). I also fix the  param eters  of th e  d u s t model, adop ting  the  
values given by W ang & Heckm an (1996). In the following sections I investigate the 
consequences of varying each of the  rem aining param eters  in tu rn  on th e  lum inosities
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Table 2.3: Free and fixed parameters of the model and the values adopted in the basic 
set.
Description Parameter Value
G EN ER A L PA RA M ETER S
Time step A t 0.04 Gyr
F R E E  PA RA M ETER S 
G alaxy m erging w ith in  haloes:
dynamical friction time-scale /m rg 0.5
Star form ation  in discs:
star formation efficiency C* 0.05
B ursting star form ation:
bursting mode star formation timescale T°burst 0.1 Gyr
bursting mode star formation scaling law ^ b u rs t -1.5
Feedback:
feedback efficiency Vhot 200 km s 1
feedback scaling law G^hot 2.0
Sub-resolution  star formation:
star formation timescale (old) 2.0 Gyr
star formation scaling law Q*(old) -1.5
FIX ED  PA RA M ETER S
Stellar populations:
initial mass function IMF Salpeter
ratio of all stars to luminous stars T 1.3*
effective stellar yield y 0.02
recycled fraction n 0.3
D ust extinction:
dust extinction normalisation tb 0.8
characteristic luminosity Lb 1.3 x 1010 L0
dust extinction scaling law P 0.5
1 Fixed to give a good match to the 5-band LF at M*
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F ig u re  2.18: B- (top row) and I<- (bottom row) band luminosity functions (LFs) for 
the basic parameter set. The heavy, solid line in each panel is the LF of the model 
galaxies and the grey shaded area marks the r.m.s. variance between the different boxes. 
This is plotted over recent observational data as follows: in the B  band from Norberg et 
al. (2002, triangles & solid line) and Blanton et al. (2001, circles & dotted line); in the K  
band from Cole et al. (2001, triangles & solid line), Huang et al. (2003, circles & dotted 
line, error bars are shown where these were readable in the published plot). I also plot 
the LFs for the reference model of CLBF (dashed line).
of galaxies.
2.4.1 Lum inosity functions
T he m odel B -  and / t-b a n d  LFs predicted for the  basic p aram ete r set are shown in 
Fig. 2.18. T he heavy, solid curve is the  m ean LF over the  five sim ulations and the 
shaded area  m arks the  r.m .s. variance between the  sim ulations. N ote th a t  th is  is an 
underestim ate  of the  tru e  m agnitude of cosmic variance, since it does no t take into 
account clustering — all of the  boxes used here are constrained to  have m ean density 
equal to  the  universal value whereas, in reality, bright galaxies a ie  s trongly  clusteied  and 
follow the  large-scale stru c tu re . Cosmic variance is also a m ajo r source of uncertain ty  
in observational m easurem ents of the LF and m ay account foi som e ol the  differences 
between the  results of different surveys (Cross et al. 2001). I com pare to  th e  two m ost 
recent m easurem ents of the  LF in each band: those of N orberg e t al. (2002) and B lanton
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et al. (2001) in B  and Cole et al. (2001) and Huang et al. (2003) in A . I also plot the 
reference model of CLBF; th is is the dashed curve in Fig. 2.18. I also plot the LF for 
the sam e param eters  using unextincted m agnitudes (heavy, do tted  curves). Given the 
difference th is makes to  the bright end of the LF, it is surprising th a t early models 
(Cole e t al. 1994; v K JP ), which neglected dust extinction, were able to  come close to  
m atching the  bright end of the  5 -b an d  LF. Even in the  K  band, which is relatively 
unaffected by dust, there  is a considerable degree of extinction in the  brigh test galaxies. 
My estim ates of the  am ount of dust extinction in galaxies is observationally m otivated 
and should be fairly robust bu t, along with uncertainties abou t the  IM F and stellar 
evolution, the  exact n a tu re  of dust extinction contributes to  the overall uncertain ty  in 
the lum inosities of th e  model galaxies.
In sp ite of these uncertain ties, the  bright end of the  model LF fits the  d a ta  ex­
trem ely well, particu larly  a t optical wavelengths. This is a m ajor achievem ent, given 
the  sim plicity of the galaxy form ation model, and was achieved with m inim al adjusting  
of the free param eters. In fact, as I show below, this basic result is reproduced for 
all reasonable choices of the  param eters listed in table 2.3. T here is a  lack of bright 
galaxies in the  Ii band on average, indicating th a t  the  brightest galaxies are slightly too 
blue. The m ost noticeable discrepancy between model and d a ta  is a t th e  fain t end: the 
model overpredicts the  num ber of galaxies faintw ards of M b  =  -1 5 .5  +  51og10/i0 and 
M k  =  —20 +  5 log 10  /i0, if th e  d a ta  in these regions are to  be believed. This discrepancy 
is common to  m ost galaxy form ation models, including SAMs. It is a m anifestation of 
the ‘dw arf galaxy problem ’ —  the observation th a t  the expected spectrum  of density 
fluctuations in a CDM  universe leads to  a halo mass function th a t rises steeply with 
decreasing m ass, while the LF is essentially flat a t the  faint end. However, if th e  d a ta  
of B lanton et al. (2001) are ex trapo lated  to  fainter m agnitudes then the  disgreem ent 
in the B  band lessens and in the  K  band there is a significant disagreem ent between 
the two m ost recent estim ates of the LF, with both models (mine and th a t  of CLBF) 
favouring the higher H uang et al. (2003) d a ta . Any a ttem p t to  m atch the  faint end of 
the observed lum inosity function is com plicated by considerations of com pleteness in 
the observational sam ples. T his issue is dealt w ith in chapter 4.
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V a r y i n g  t h e  f r e e  p a r a m e t e r s
In Figs. 2.19 and 2.20 I show the  effects on the LFs of varying each of the free param eters 
of the model independently  of the  others.
D ynam ical fr ic tio n  Varying the  dynam ical friction timescale over a reasonable range 
has alm ost no effect on the model LF, as shown in Fig. 2.19(a). This insensitivity to  
the ra te  of galaxy m erging is a result of the  assum ption th a t there will always be a 
dom inant galaxy in every subhalo, onto which hot gas, some of it stripped  from the  
orbiting satellites, can cool. T he brightest galaxies are usually the dom inant galaxies 
in their subhaloes and so their lum inosities are determ ined prim arily by the  ra te  of gas 
cooling in these subhaloes. M erging satellites bring in a few s ta rs  but little  new gas. 
In stan t (or, a t least, very rapid) m erging in subhaloes, whilst unlikely, actually  gives 
the best fit to  the  bright end of the  5 -b a n d  LF, while the effect on th e  bright end of 
the K -band LF is small and more or less within the  errors of the  observations. This is 
a  ra th e r nice result, since it m eans th a t  the  approach outlined in section 2 . 2  is a  viable 
alternative to  the  em pirical dynam ical friction argum ent and suggests th a t  the  m erging 
of substruc tu re  w ithin haloes really does lie behind the shape of the  galaxy lum inosity 
function.
S tar fo rm ation  and feedback Increasing the  s ta r  form ation efficiency leads to  more 
s ta rs  being form ed. Again, the  change in Fig. 2.19(b) is small because, in the  long-term , 
the s ta r  form ation histories of the  brightest galaxies closely follow the  gas accretion 
histories. The largest change is in the  I (  band, which is generally assum ed to  be a good 
indication of to ta l stellar m ass. On sho rt timescales, the  effect of increasing e* is to  
form more s ta rs  earlier, leading to  redder populations. This reddening is added to  by 
the fact th a t  m etals are synthesised more rapidly so th a t  s ta rs  formed la ter on are also 
redder, for their age, th an  they  would otherw ise have been.
Feedback from s ta r  form ation is a  necessary ingredient in galaxy form ation models 
to  produce a flat faint-end slope to  the LF. It works by suppressing s ta r  form ation very 
effectively in low-mass haloes. T he mechanism is generally assum ed to  be ejection of 
gas from the  cen tral regions by stellar winds and supernovae, which is more efficient
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F igure 2.20: As Fig. 2.19 for (a) different starburst strengths and (b) no sub-resolution 
cooling.
in shallower po ten tia l wells. T he feedback prescription has tw o free p aram eters: Vhot 
determ ines the  overall s tren g th  of feedback, while «hot controls the  dependence of feed­
back efficiency on th e  circular velocity. Increasing either of these param ete rs  (Fig. 2.19c 
and d) has the  desired effect of flatten ing  the  fain t end of th e  LF, while having little  
effect on the  b righ test galaxies. As found by m ost previous work in th is area, a  high 
value of ci'hot is neccessary to  explain the  d a ta  fain tw ards of M g  ~  —16 +  51og10/i0. 
However, as no ted  by C LB F, th e  faint end of the  observed LF is severly affected by 
selection biases and no definitive m easurem ent of the  intrinsic slope exists, so a poor 
m atch  to  th e  fain t end should not be considered a m ajo r failing of th e  model. T he issue 
of selection effects is discussed in more detail in la ter chapters.
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Starbursts One of the  novel features of my model is the inclusion of a bursting  m ode 
of s ta r form ation driven by halo m erger events (as opposed to  bu rsts on galaxy-galaxy  
m ergers). A strong  bursting  m ode of s ta r form ation can give results sim ilar to  a trad i­
tional m onolithic collapse model, bu t the prescription used here gives only weak bursts 
th a t  make little  difference to  the  present-day LF (Fig. 2.20a). In Fig. 2.21 I show 
the relative contribu tions m ade by the  quiescent (disc) and bursting  m odes of s ta r  for­
m ation to  the  cosmic s ta r  form ation history. S tar form ation in discs dom inates a t all 
redshifts in th is model, even a t early tim es when the halo m erger ra te  is high. Overall, 
the s ta r  form ation history  is ra th e r insensitive to  the m ode of s ta r  form ation and is 
dependent prim arily on the  m ass accretion ra te  of the  haloes in the sim ulation.
Sub-resolution star fo rm ation  Fig. 2.21 shows th a t, as expected, gas cooling and s ta r  
form ation in haloes below the  resolution of the  N-body sim ulation makes a relatively 
small contribu tion  (~  7%) to  the  present-day stellar content of the  universe. This is also 
clearly reflected in the LFs in Fig. 2.20(b). Gas in sub-resolution haloes is prevented 
from cooling efficiently by strong  stellar feedback and the few sta rs  th a t  formed in these 
haloes are old and fain t. In fact, the model reproduces the  observed LF b e tte r w ithout 
this ingredient in place, suggesting th a t even stronger feedback is needed to  prevent 
significant am ounts of s ta r  form ation in these haloes.
2.4.2 T u lly -F ish e r relation
Although the  T ully-F isher relation (TFR ) is, strictly  speaking, only followed by spiral 
galaxies, it is used as a  general constra in t on galaxy form ation models since spirals 
make up a large fraction of the bright galaxy population in the local universe. In 
Fig. 2.22 I plot the  model I -band T F R  for the basic param eter set. I have m ade 
no a ttem p t a t m orphological selection by, for example, bulge-to-disc ratio , but. I have 
selected only galaxies th a t  are actively forming stars . A galaxy is considered to  have 
active s ta r  form ation if its s ta r  form ation ra te  (not including s ta rb u rsts), averaged over 
the last 500 M yr (roughly the  tim e between the  last two snapshots of the sim ulation), 
is >  0.01 M® y r- 1 . T his cutoff, although ra ther arb itrary , is typical of the  SFRs 
found in the nuclei of the m ore active E /S 0  galaxies (Sadler et al. 2000). T he model
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Figure 2.21: The star formation history of the universe as a function of redshift for the 
basic parameter set. The star formation rate is broken down into the contributions from 
different modes: quiescent star formation in discs (light, solid line), starbursts (dashed 
line) and star formation in sub-resolution haloes (dotted line).
T F R  is no t changed significantly when the  cut-off is varied by a  fac to r of ten  in either 
direction. T he m agnitudes p lo tted  include the effects of d u st ex tinction , assum ing the 
disc to  be face-on to  the  observer (T ully-F isher sam ples are usually converted to  face-on 
values using an average correction,w hich m ay in troduce ex tra  sca tte r  in to  th e  observed 
re lation).
T he m odel reproduces the slope and  zero-point of th e  observed T F R  well, except 
a t the  brigh t end, where it falls below the  observed relation. To achieve this, it was 
necessary to  fix th e  stellar m ass-to-light ra tio  a t T  =  1.3. A p aram ete r set w ith T  =  1 
and a lower s ta r  form ation  efficiency, e* =  0 .0 1 , produces galaxies of the  sam e overall 
lum inosity, b u t th e  m edian lum inosity for star-form ing galaxies is too  low and there 
are fewer of them . N ote th a t  the  velocities p lo tted  in Fig. 2.22 are th e  virial velocities 
of the  haloes. Cole et al. (2000) found th a t  when the  disc circular velocities are used
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Figure 2.22: The /-band Tully-Fisher relation (TFR) for the basic parameter set. 
Galaxies are selected from the simulations as described in the text. The heavy solid 
line is the median relation and the shaded area marks the 10% and 90% quartiles of the 
distribution. The light, solid line is the mean observed TFR, using four data sets (Pierce 
& Tully 1992, Mould et al. 1993, Giovanelli et al. 1997, Mathewson, Ford & Buchhorn 
1992) and the dotted lines show the typical scatter in the observed relation (Giovanelli 
et al. 1997).
(taking into account the  self-gravity of the baryons and the  halo density profile, which 
m ay not be isotherm al) the  observed T F R  is no longer well-matched by sem i-analytic 
models. I investigate these effects in chapter 3. In Fig. 2.23 I illustra te  the effects 
of varying some of th e  o ther param eters of the model (fixing T  a t 1 .3 ). T he main 
ingredients th a t  affect the  T F R  are feedback, which determ ines the  lum inosities of 
the lowest circular velocity galaxies, and the efficiency of s ta r  form ation, which affects 
galaxies of all masses. Feedback tends to  introduce curvature into the T F R ; very strong  
feedback can be ruled ou t on these grounds, bu t weaker feedback th an  assum ed in the 
basic param eter set is allowed.
T he T F R  for individual observational sam ples is very tigh t, having a typical sca tte r
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Figure 2.23: The effect on the /-band Tully-Fisher relation (TFR) of varying the free pa­
rameters of the model: (a)-(c) the star formation efficiency in discs, e*; (d)-(f) the feedback 
efficiency, Vhot; and (g)-(i) the slope of the feedback scaling law, «hot- The stellar mass-to-light 
ratio is fixed at T  =  1.3. Galaxies are selected from the simulations as described in the text. 
The heavy solid line in each panel is the median relation and the shaded areas mark the 10% 
and 90% quartiles of the distributions. The light, solid line is the mean observed TFR, using- 
four data sets (Pierce & Tully 1992, Mould et al. 1993, Giovanelli et al. 1997, Mathewson, 
Ford & Buchhorn 1992) and the dotted lines show the typical scatter in the observed relation 
(Giovanelli et al. 1997).
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of around 0.35 I -m ag (Giovanelli et al. 1997), although different sam ples often yield 
quite different values for the  zero-point and, m ost especially, the  slope. A form al, linear 
fit to  the model relation yields a sca tte r of 0.73 m agnitudes for the  basic param eter set, 
roughly twice th e  observed sca tte r. This is no doubt partly  a result of the  sca tte r  in 
the halo properties m easured in th e  sim ulations, som ething th a t is too  often no t taken  
into account in galaxy form ation models.
2.5 D iscu ssio n: co n se q ue n ce s  of subhalo m erger trees
Much em phasis has, in recent years, been placed on explaining th e  discrepancy between 
the faint-end slope of the galaxy LF and the  predictions of galaxy form ation models. 
As sta ted  above, th is discrepancy stem s from the  fact th a t  the  spectrum  of fluctuations 
in CDM  cosmologies has m ost power on small scales, so the  absence of large num bers 
of faint galaxies m ight indicate a problem with the underlying cosmological model. 
However, it is becom ing clear th a t  explaining the bright end of the  LF is a t least as much 
of a challenge for curren t galaxy form ation models. In the  curren tly  favoured p icture of 
galaxy form ation, gas falls into potential wells created by g ravita tional collapse of dark  
m atte r fluctuations (e.g. W hite  & Rees 1978; W hite & Frenk 1991). D uring the collapse 
and virialisation of these ‘haloes’, the  gas is shock-heated to  the  virial tem p era tu re  of 
the haloes. Subsequently, if the density is high enough, it cools radiatively and falls 
to  the bo ttom  of the  po ten tial wells, where it forms stars . The m ost massive self- 
g rav ita ting  s tru c tu res  in the  universe today  are rich clusters of galaxies. These contain 
large reservoirs of hot gas and, were they to  be fully virialised, as assum ed in the  Press- 
Schechter form alism , then  they  would be expected to  have cooling tim es much less 
th an  a  Hubble tim e (Fabian 1994). Such objects would be expected to  exhibit strong  
cooling flows, feeding massive, ultralum inous central galaxies. B right galaxies are seen 
a t the centres of some rich clusters, but they are generally old ellipticals, not actively 
star-form ing spirals.
It was noticed in the  first sem i-analytical models th a t  cooling in massive haloes 
led to  an overabundance of bright galaxies, a problem th a t  has led various groups since 
to  come up w ith different ways of suppressing cooling in the m ost massive haloes. T he
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sim plest of these is sim ply to  shu t off s ta r  form ation  in haloes w ith circular velocities 
g rea ter th an  som e em pirical value; this was th e  approach adop ted  by K auffm ann, W hite 
& G uiderdoni (1993), who took  Vc =  500 k m s “ 1 as th e  largest halo in which s ta rs  
could form . Somerville (1997) took a sim ilar approach, suppressing cooling com pletely 
in haloes w ith Vc >  500 k m s- 1 . Both of these m ethods had th e  desired effect of 
preventing ultralum inous galaxies from  form ing, b u t neither provided an explanation 
for their absence. Somerville & Prim ack (1999) explained th e  lack of cooling in massive 
haloes by m eans of a  ‘dynam ic halo’ model, in which the  gas in a  newly form ed halo was 
no t assum ed to  have an iso therm al profile bu t, instead, the  cooling rad ius of the  largest 
progenitor was reta ined . Thus, any new gas was added around  the  edges of the  halo, 
where th e  density  is lowest and hence the  cooling tim e longest. This is, however, in 
d isagreem ent w ith observations of galaxy clusters, which show th a t  th e  cen tral regions 
contain large quan tities of gas a t tem p era tu res close to  th e  virial tem p era tu re  of the  
cluster and w ith densities a t  which cooling should be efficient. C LB F also suppressed 
cooling by altering  th e  gas profile, th is tim e by adopting  a profile w ith a  constan t 
density  core which grows w ith tim e as gas cools.
Here, I highlight an a lternative  solution, proposed by v K JP  and illu stra ted  using a 
sim pler version of th e  m odel presented here. Explicitly testing  the  haloes identified in an 
N -body sim ulation for virialisation shows th a t  the  m ost massive haloes ar far from being 
fully virialised. Indeed, they  still contain a significant am ount of su b stru c tu re , which 
can be readily identified in the  sim ulations using local density  percolation. T his m eans 
th a t,  in these haloes, the  process whereby gas is shock-heated to  th e  virial tem p era tu re  
of th e  halo is ongoing. T he continuing process of g rav ita tiona l collapse provides the 
energy inpu t needed to  balance radiative cooling in such haloes. In th e  m odel presented 
here, these m assive haloes are separated  into their com ponent subhaloes, so th a t  there 
is no single dom inan t galaxy in the halo (although each subhalo has its own central 
galaxy) and th e  bright end of the  LF is determ ined directly  by the  cut-off in the  subhalo 
m ass function.
Explaining the  zero-point of th e  T F R  is a challenge for m any galaxy form ation 
models. T he fact th a t  the  model presented here gives a  good fit to  b o th  th e  slope 
and zero-point of th e  T F R  is prom ising, b u t should be tre a ted  cau tiously  since the
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assum ption of a flat ro ta tio n  curve for the  disc is, a t best, an approxim ation. In reality, 
the details of the dark  m a tte r profile and the self-gravity of the baryons are likely 
to  affect th e  ro ta tional velocity of the disc. If these effects are im p o rtan t then  we 
can expect the ro ta tional velocities of discs to  be significantly higher th an  the  virial 
velocity of the  halo. However, since the  observed LF is reproduced well by the  model 
with little  room  for ad justing  the  free param eters, it is difficult to  see how the  observed 
T F R  can be explained unless the ro ta tional velocities of spiral galaxies are close to  
the virial velocities of their haloes. This, in tu rn , requires th a t  halo profiles be less 
centrally-concentrated  even th an  the  N FW  profile in their central regions. Interestingly, 
this possibility is also suggested by the  ro tation  curves of low surface-brightness dw arf 
galaxies (e.g. de Blok & B osm a 2002).
An explanation  is also still lacking for the observed num bers of faint galaxies in the 
universe. T his is much less of a  problem now th an  it was a decade ago and significantly 
less th an  when th e  present work was s ta rted ; as galaxy surveys have probed to  deeper 
isophotal limits, more low surface-brightness galaxies have been uncovered, w ith no 
sign of any decline in th e  population a t lower surface brightnesses. This leaves open 
the  possibility th a t  even th e  curren t generation of surveys are not com plete to  their 
formal m agnitude lim its a t fain t absolute m agnitudes, because here surface-brightness 
selection effects s ta r t  to  become im portan t. As galaxy surveys have probed to  deeper 
and deeper isophotal limits, more low-luminosity, low-surface-brightness galaxies have 
been discovered. It is reasonable to  assume, therefore, th a t  the excess fain t galaxies 
predicted by galaxy form ation models have even lower surface-brightnesses and are 
yet to  be detected . This was the prim ary m otivation for the work presented in the 
rem aining chap ters of th is thesis. To account for surface-brightness selection effects, it 
is neccessary to  be able to  predict d istribution of light in galaxies, which requires, in 
particular, a model for galaxy discs, since disc galaxies (spirals and lenticulars) make 
up the largest fraction of the  field galaxy population.
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2.6 Conclusions
I have argued th a t  a sim ple phenom enological model, coupled w ith  an N -body sim ula­
tion w ith a  built-in recipe for th e  form ation and m erging of galaxy haloes can be used to  
m odel galaxy form ation  in a cosmological contex t. T he approach  used here differs from 
o ther m odels in using halo properties m easured directly  from th e  N -body sim ulation, 
and in accounting for su b stru c tu re  explicitly. D irectly m odelling th e  m erging of sub­
haloes in th is way removes a level of uncertain ty  from  th e  tre a tm e n t of galaxy-galaxy  
m erging w ithin haloes.
Using th e  m odel outlined in sections 2.2 and 2.3, I have shown how overm erging 
leads to  an overabundance of bright galaxies, a  problem  th a t  can be solved qu ite  simply, 
by explicitly testing  haloes for virialisation, ra th e r th an  assum ing all overdense regions 
to  be virialised. T his leaves a population of subhaloes in to  which gas can cool onto 
cen tral galaxies whose lum inosities m atch closely those of th e  m ost lum inous observed 
galaxies. T his m atch  is achieved w ithout the  need for any physics m ore com plicated 
th an  g rav ita tio n al collapse, simple rad ia tive cooling, an observationally  m otivated  s ta r  
form ation  law and reasonable assum ptions ab o u t the  spec tropho tom etric  properties 
of s ta rs  and  d u st. I have dem onstra ted  th a t  th is result is robust to  m ost reasonable 
changes in th e  free param eters  of th e  phenom enological model.
T he observed T F R  is also well-m atched by th e  model, given th e  righ t selection 
crite ria  and neglecting th e  effects of self-gravity.
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C h a p te r  3
Star form ation thresholds in 
galaxy form ation models
In th is chap te r, I build on the basic galaxy form ation m odel set o u t in chap ter 2 
by adding a m ore detailed  description of galaxy discs. T he m ain addition  is an 
observationally-m otivated  s ta r  form ation law, which includes a  surface density  th resh ­
old. O bservationally, it is found th a t  the  s ta r  form ation  ra te  in galaxy discs is a power 
law of the  gas surface density  a t high densities, bu t th a t  below som e critical density  it 
falls off rapidly. T he gas discs of low surface-brightness galaxies (which are known to 
be gas rich, b u t have very low s ta r  form ation rates) are generally found to  be below 
th is critical density  (e.g. van der H ulst e t al. 1993), which suggests th a t  such thresholds 
play an im p o rtan t role in determ ining the  surface brightnesses of galaxies. I investigate 
the  consequences of s ta r  form ation thresholds on several p roperties of disc galaxies, 
including th e  d istribu tion  of scale lengths as a function of lum inosity, which is closely 
related  to  th e  b ivariate brightness function. I suggest th a t  s ta r  form ation  thresholds 
provide an a lternative  mechanism  for achieving some of the  effects of feedback, such 
as suppressing s ta r  form ation in low circular velocity haloes, by locking up baryons in 
su b stan tia l sub-critical cold gas reservoirs.
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3.1 In tro d u ctio n
The basic model set o u t in chap ter 2 gives a good fit to  the observed lum inosity func­
tions in B  and K ,  except a t the  faint end, and reproduces the /-b an d  T ully-F isher 
relation. I also showed th a t  these results are not significantly changed by varying the 
free param eters of the  model. In one sense, th is is desirable since it allows robust con­
clusions to  be draw n ab o u t processes in the dark  m atte r. However, it also m eans th a t  
little can be said ab o u t the galaxy form ation model itself. Even though I deliberately 
tried to  keep the  num ber of free param eters to  a minim um , those th a t  are present in the 
model (the dynam ical friction timescale, s ta r  form ation efficiency, s treng th  of stellar 
feedback, to  nam e a few) still allow a large degree of freedom to ad just the  model and 
should p rom pt the  question: is the solution unique, or are there other models that would 
fit the data equally well? This is m otivation (if any is needed) to  im prove the  model 
by adding more physically- or observationally-m otivated prescriptions for some of the 
ingredients of the  model and by adding new ingredients, to  increase the  range of galaxy 
properties th a t  are predicted. In some places, the basic model is clearly unrealistic; 
for example, in assum ing m assless discs and dark  m atte r profiles described by singular 
isotherm al spheres. M aking m ore predictions is one way of more effectively constra in ­
ing the  model. For exam ple, the  lum inosity function constrains the number of galaxies 
of a given lum inosity, bu t one can imagine two models which both  produce the correct 
num ber of galaxies a t each luminosity, bu t in which individual galaxies have different 
lum inosities. Using the  T ully-F isher relation as a second constrain t helps to  break the 
degeneracy between the  models by including another property  of the galaxies, nam ely 
the  circular velocity.
After the to ta l lum inosity, the  second m ost im portan t galaxy property  is the  dis­
tribu tion  of the light. To predict this, it is neccessary to  have a model for galaxy 
morphology. The s ta rs  in galaxies can be separated  into two s tru c tu ra l com ponents: a 
flat, ro ta ting  disc and a bulge, or spheroid, which is pressure-supported. In the basic 
model I already assum ed th a t  m ost s ta r  form ation occurs in gaseous discs. A common 
type of s ta r  form ation law in galaxy form ation models has the  form
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w here M c is th e  am oun t of cold gas in the  galaxy. T he s ta r  form ation  tim escale, r*, 
m ay be fixed (e.g. Somerville 1997) or it m ay depend on o th er properties of th e  galaxy, 
such as the  circular velocity of the  halo (Cole e t al. 1994; B augh, Cole & Frenk 1996; 
B augh et al. 1998), the  dynam ical tim e of th e  galaxy (K auffm ann, W h ite  & G uiderdoni 
1993; Somerville & P rim ack 1999) or bo th  (C LB F). T he com m on featu re of all of these 
prescrip tions is th a t  they  assum e th a t  th e  s ta r  form ation  ra te  is p roportional to  the 
am oun t of cold gas available.
A t high surface densities, the  azim uthally  averaged SFR s of spiral galaxies are 
well-described by a power-law function of the  to ta l (a tom ic+m olecular) gas surface 
density:
£ SF oc £gas, (3.2)
w ith n  =  1 — 2 (Schm idt 1959; K ennicu tt 1989). This is com m only referred to  as a 
Schm idt law. However, below some critical density, £ crjt ~  3 — 4 M© pc~2, th e  s ta r  
fo rm ation  law becomes non-linear and the  ra te  of m assive s ta r  form ation , as indicated 
by th e  s tren g th  of recom bination lines and num bers of H u regions, falls off rapidly w ith 
decreasing gas density  (K ennicu tt 1989). T he cut-off in th e  S F R  a t  low gas densities 
can be in te rp re ted  in term s of the  conditions necessary for g rav ita tio n al instability : a t 
low surface densities, th e  disc is locally stab le  to  th e  grow th of density  p ertu rb a tio n s 
and so m olecular clouds, believed to  be necessary for s ta r  form ation , are unable to  
form . Toom re (1964) showed th a t a  pure gas disc is unstab le if
Q =  (3-3)
^gas
w here c is th e  velocity dispersion of th e  gas and k the  epicyclic frequency, given by
V  (  R d V \ 1/2 . .
k  =  1 .4 1  1 +  . (3 .4)
R  V V d R j
Here, V  is th e  ro ta tiona l velocity of the  disc, which will generally be a function of 
rad ius R.  K enn icu tt showed th a t  th e  Toom re condition (equation 3.3) can be w ritten  
in the  form E gas >  E cr;t , where
KC
^ crit =  a K T 3 6 G '  ( 3 '5)
In regions w here E gas <  £ crit the  disc is s tab le  and m olecular cloud com plexes, nec­
essary for the  form ation  of large num bers of m assive s ta rs , do no t readily form . The
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param eter a K is then  chosen to  m atch the critical radii of galaxies (the radii a t  which 
the azim uthally averaged gas density falls below the critical density in each case) to  
the observed cut-offs in the  d istribu tions of Hll regions, which are associated with 
young, massive sta rs . T he existence of s ta r form ation thresholds affects the  evolution 
of galaxies in two ways: by lim iting the  am ount of gas th a t  can be tu rned  in to  s ta rs  
and by defining the  star-form ing region of the disc, thus determ ining the  am ount of 
gas considered ‘available’ for s ta r  form ation (M artin & K ennicu tt 2001). Some galax­
ies, m ainly those of low surface brightness, have gas discs th a t  are entirely below this 
critical density.
T he sizes of galaxy discs are fundam entally determ ined by the  balance between 
gravity  and the  angular m om entum  of the disc m aterial. T he g rav ita tional force has 
com ponents not only from the  dark  m atte r, as assumed in chapter 2 , bu t also from the 
baryons them selves. T he contribution  from the la tte r  can be im p o rtan t in the cores 
of haloes. T here is also the  possibility th a t  the  halo itself is not well described by the  
singular isotherm al sphere. In fact, Navarro, Frenk & W hite (1997, N FW ) found th a t  
the haloes identified in N -body sim ulations are be tte r fit by a universal density  profile 
(equation B .5), which has a  shallower slope than  the isotherm al sphere in the  central 
regions and is m ore extended in the  ou ter regions. Hydrodynam ic sim ulations (e.g. 
Navarro, Frenk & W hite 1995) suggest th a t  a significant fraction of the  initial angular 
m om entum  of the baryons is lost during galaxy form ation, but this is inconsistent with 
observations of spiral galaxies, producing discs which are too com pact.
In this chap ter I present a model for galaxy morphology which includes th e  effects 
of s ta r  form ation thresholds, self-gravity and ‘realistic’ halo profiles on the properties of 
discs. P redicting  the sizes of discs gives a stronger constra in t on the galaxy form ation 
model th an  the lum inosity function alone. It is also im portan t in quantifying the effects 
of surface brightness lim its in observational samples, since it is the d istribution of light, 




3.2.1 Overview  of the basic ingredients
T he work described in th is chap ter builds on th e  basic m odel presented in chap te r 2.
Here I p resent an overview of th e  main ingredients of th is  m odel (th is overview was
ad ap ted  from  vIvJP).
(1) The merging history o f dark m atter haloes. This is taken  directly  from  an N- 
body sim ulation. Special techniques prevent galaxy-scale haloes undergoing ‘over- 
m erging’ owing to  inadequate num erical resolution. By allowing su b stru c tu re  to 
survive, the  m erger history is simplified and the  num ber of halo m ergers is reduced.
(2) The merging o f galaxies w ithin dark m atter haloes. Each halo contains a  single 
galaxy a t form ation . W hen haloes merge, a  criterion based on dynam ical friction 
is used to  decide how m any galaxies exist in th e  newly form ed halo. T he m ost 
m assive of those galaxies becomes the  single cen tral galaxy onto  which gas can 
cool, while th e  o thers become its  satellites.
(3) The therm al h istory o f gas w ithin dark m atter haloes. A halo form s w ith  a  m ass 
Mh of hot gas (for a new halo Mh =  (i^b/^M ) A/halo> b u t in general th e  hot gas 
reservoir will have been depleted by cooling and s ta r  form ation  a t  earlier tim es), 
which is assum ed to  quickly settle  to  the  virial tem p era tu re  of th e  halo. This gas 
can cool to  form s ta rs  w ithin a  single galaxy a t the  cen tre  of th e  halo; application 
of th e  s tan d a rd  rad ia tive cooling curve (S utherland & D o p ita  1993) shows th e  ra te  
a t  which th is ho t gas cools below 104 K, and is able to  form  sta rs . W hen haloes 
m erge, all ho t gas is stripped  from  the  individual galaxies and is added to  the  hot 
gas reservoir of the  new halo, from where it can cool on to  th e  central galaxy. Thus, 
each halo m ain tains an in ternal account of the  am ounts of gas being transferred  
between th e  two phases, and consum ed by th e  form ation  of s ta rs .
(4) Feedback from, star form ation . Energy o u tp u t from  supernovae reheats som e of the 
cooled gas back to  the hot phase. This ingredient is essential to  keep low-mass 
galaxies and proto-galaxies from using up all their gas a t high redshift.
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(5) Chemical evolution. Evolving stellar populations inject gas and m etals, as well 
as energy, into th e  in terstellar m edium . T he evolution of the  m etals m ust be 
followed, because the  cooling of the  hot gas depends on m etal content, and a stellar 
population of high m etallicity will be much redder th an  a low m etallicity one of 
the sam e age. I ad o p t the  instan taneous recycling approxim ation and assum e th a t  
all of the  m etals are initially ejected into the cold gas.
(6 ) Star form ation  in discs. S ta rs  form according to  an observationally-m otivated s ta r  
form ation law, in discs whose sizes are determ ined by the  angular m om entum  of 
the  baryons. A fraction  71 of the  gas tu rned  into s ta rs  is re tu rned  to  the  ISM by 
stellar w inds and supernovae, thus increasing the gas consum ption timescale.
(7) Starbursts. T he SFR  m ay suffer a sharp  spike following a m ajor m erger event. This 
is m otivated em pirically by the existence of ultra-lum inous IRAS galaxies, and it 
allows hierarchical models to  yield behaviour resembling trad itional m onolithic 
collapse.
(8 ) Stellar spectral synthesis. Having formed stars , we wish to  predict the  appearance 
of the  galaxy th a t  results. For this, it is necessary to  assum e an IM F, and to  
have a spectral synthesis code. Here, I use the spectral models of Bruzual & 
C hario t (1993), which allow synthetic stellar populations of any m etallicity to  be 
constructed . T he IM F is taken to  be Salpeter, bu t this is only one of several choices 
available. I use a simple scaling law prescription, based on observations, to  correct 
for the effects of dust absorption on the  spec tra  of galaxies.
3.2.2 Star form ation in discs with thresholds
I assum e the gas surface density  to  be exponential, as before. If the ro ta tion  curve of 
the  disc is approxim ately  flat then  equation (3.4) takes the simple form k =  1A1VC/R .
This is, of course, slightly unrealistic: if self-gravity is im portan t, which it m ust be for
gravita tional stab ility  to  be im portan t, then an entirely flat ro tation  curve is impossible. 
However, the observed ro ta tion  curves of spiral galaxies are flat a t large radii, so the 
approxim ation canno t be too  far from the tru th . I follow K ennicutt in assum ing a value 
of c =  6 km s - 1  for the velocity dispersion in the disc. T he critical density in th is case
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F ig u re  3.1: Kennicutt’s star formation threshold for a galaxy with a flat rotation curve 
and an exponential surface density profile. The gas density (solid line) is above the 
critical density for star formation (dashed line) between the two critical radii, R^J,- and
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A value of a K =  0.74 db 0 . 2  then  gives a good fit to  observed threshold  radii (M artin  & 
K enn icu tt 2001) in spiral galaxies. T his form of th e  critical density  has the  qualita tive  
properties th a t  it decreases more steeply w ith radius th an  an exponential a t  sm all radii 
bu t has a  shallower radial dependence a t  large radii. Hence, if th e  gas density  rises 
above the  critical density  a t all, there  will be a  region, bounded by tw o critical radii, 
and R ^ -t , where the gas density is above the critical density  and s ta rs  can form. 
Fig. 3.1 illustra tes the  situation  in a  typical galaxy. I identify the  region between R^)lt 
and R^Jlt w ith the optical disc of the  galaxy.
I ad o p t a  m odel in which s ta r  form ation only occurs in th e  region between R^Jlt and 
R^Ja , where the gas surface density is above the  critical density. S ta rs  form according
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to  the  sam e law as before:
, 'f^avai 1 / o '”
Vs F =  ---------, (d.lr*
except th a t  the  m ass of available gas, M avaii, is now taken to  be the  m ass of gas w ithin 
the s ta r  form ing region, which I identify w ith the  optical disc of the  galaxy. Recall th a t  
raise is defined to  be th e  orb ital tim e a t the  half-mass radius of the disc:
7"disc =  (^ ’k)
In the  absence of s ta r  form ation, the  m ass of gas ‘available’ for s ta r form ation a t tim e 
t would be
-^avail — -^cooled
, ? ( X) \  _ / n  ... /  E>(2 )
1 +  R d r  v  ' Rd
(3 .9 )
where M cooied is the  m ass of hot gas th a t has cooled since the halo form ed. S ta r 
form ation and reheating  a t earlier tim es will have depleted the reservoir of available 
gas, so the  actual m ass available is
-ikfavail =  -ii^avail — — A irh, (3 .1 0 )
where M* =  ( 1  -  7Z ) M SF is the mass of long-lived s ta rs  and M rh the m ass of gas 
returned to  the  ho t phase by supernovae. S ta r form ation can only continue until the  
surface density reaches the threshold given by equation (3 .5 ) so, in practice, only some 
fraction of the  gas in the  star-form ing region is able to  form stars. T he fraction of the 
gas between the two critical radii which lies below the threshold and is thus unable to  
be tu rned  into s ta rs  is
2  n rR (2 )c r i t
/sub — , ,  /  . . ^ c r i t { R ) R d R
M avail JRw
=  37Q7 I  Yc ) f R S t - R (c3 A  / f M avaii \
km s - 1  /  \  pc J  /  V M 0  J 
E quation (2.39) thus becomes
(3 .1 1 )
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So th e  existence of a  threshold affects th e  s ta r  form ation  law in two ways. F irstly,
th e  m ass of gas th a t  is considered ‘available’ for s ta r  form ation  and, secondly, it sets 
an upper lim it to  the  fraction of this gas th a t  can ac tua lly  form  s ta rs .
3.2.3 D isc  scale lengths and rotation velocities
T he ro ta tio n  curve of a halo w ith an N FW  profile is given by equation  (B.7). Mo, 
M ao & W hite  (1998, M M W ) give a useful approxim ation  to  th e  scale length of a  self- 
g rav ita tin g  disc in a halo w ith an N FW  profile (M M W  expressed the  following in term s 
of A and r 2oo! here I have used equation 2.36 to  express th e  scale length of a non-self- 
g rav ita tin g  disc in an iso therm al sphere halo in term s of th e  m ore n a tu ra l quan tities 
jdisc and Vc):
gives th e  rem aining dependence on the  density  profile. Here, =  Md\sc/M h a\0 is 
th e  to ta l m ass (g as+ sta rs) of th e  disc, expressed as a fraction of the  halo m ass, and 
A' =  f j  A, where A is the  spin p aram eter of the  halo and th e  p aram ete r f j  describes the 
fraction of the  initial angular m om entum  retained during th e  disc form ation  process, 
such th a t  yiisc — fjjhalo-
M M W  also give an expression for the  m axim um  ro ta tio n a l velocity of the  disc (in 
practice, th e  velocity m easured a t 3Rd, close to  th e  peak of th e  ro ta tio n  curve):
it res tric ts  th e  range of radii over which s ta r  form ation can take place and hence reduces
(3.13)
w here the  facto r f c (equation B.9) gives the  effect of changing th e  binding energy of 
th e  halo, while th e  factor
—J (1 -  3m d +  5 .2 m l)
X (1 -  0.019c +  0.00025c2 +  0 .52/c) (3.14)
Frnax — f v  f'c, (3.15)
where
f v
1 +  0.057c -  0.00034c2 -  1 .54/c 
[ - c / ( l  +  c) +  ln ( l  +  c) ] 1 / 2
(3.16)
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In A In A
Figure 3.2: Approximate corrections to (a) the disc scale length and (b) the maximum 
rotational velocity of the disc for the effects of self-gravity. See text for definitions and 
details. The correction factors are plotted as functions of A, the spin parameter of the 
halo, assuming f j  =  1. The curves in each panel are for (lightest to heaviest) =  0.02, 
0.04, 0.1 and 0.2.
In A In A
Figure 3.3: As Fig. 3.2 for the combined effects of self-gravity and the NFW halo 
profile. See text for definitions and details. The curves in each panel are for concentration 
parameters of (lightest to heaviest) c =  5, 10, 20 and 30.
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In Fig. 3.2 I plot th e  correction factors to  th e  scale length and circular velocity from 
disc self-gravity only (i.e. setting  f c =  1 and ignoring the  term s in equations 3.14 and 
3.16 involving only c), as functions of A, for different disc m asses. I assum e f j  =  1 ; 
for o th er values it is sim ply neccessary to  exchange A for A' on th e  horizontal axis. In 
Fig. 3.3 I plot the  corrections for different values of the  N F W  concen tration  param eter, 
c1, assum ing a fixed disc m ass of m j =  0.1. In all cases th e  corrections are in the 
sense of higher ro ta tio n a l velocities and sm aller scale lengths, w ith th e  lowest angular 
m om entum  discs being the  m ost affected.
T he com bined effects of self-gravity and the  different halo profile m eans th a t,  in 
general, disc ro ta tio n  curves will no longer be flat. T he shape of th e  ro ta tio n  curve 
affects the  form  of th e  s ta r  form ation threshold th rough  the  epicyclic frequency (equa­
tion  3.4). To sep a ra te  th is  effect from the  overall effect of changing th e  sizes of discs, 
I re ta in , for now, th e  assum ption of a flat ro ta tion  curve when calcu lating  th e  critical 
density  and I su b s titu te  the  m axim um  ro ta tion  velocity, Vmax> f ° r Vc in equation  (3.6).
E quations (3.14) and (3.16) are said to  be accu ra te  to  w ithin 15% for th e  ranges 
5 <  c <  30, 0.02 <  A' <  0.2 and 0.02 <  <  0.2. W here m odel galaxies fall outside
these ranges for one of the  param eters, which happens occasionally, I sim ply evaluate 
th e  equations assum ing the  extrem e value of the  p aram eter in question.
A brief no te is neccessary here on the  way th a t  th e  halo properties are calculated 
for different profiles. T he M M W  approach has as its  basis the  spherical collapse model, 
which predicts th e  densities of haloes. C hanging the  density  profile thus has th e  effect 
of changing th e  binding energy of the  halo (by a fac to r f c for th e  change from  an 
iso therm al sphere to  the  N FW  profile). M y approach is to  m easure th e  binding energy 
of haloes from  the  N -body sim ulations. This is fixed and it is th e  m ean overdensity, 
and hence th e  virial radius and velocity, th a t  changes, in the  la tte r  case by a factor
 l / O  l /2
f c . T his m eans th a t  the  factor f c should not be present in equation  (3.13) for 
the  disc scale length. U nfortunately, no such simple fix exists for the  ro ta tio n a l velocity 
(equation 3.15), so for now I take the M M W  approxim ations a t  face-value.
M o  calculate c, I use the m ethod  of Peacock & Smith (2000), which differs from th a t  originally 
employed by NFW .
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3.2.4 Form ing bulges and ellipticals
An im p o rtan t p a r t of any model for disc galaxies is the  form ation of bulges (and 
ellipticals). This is particularly  tru e  of models in which the m ajority  of s ta rs  are 
assum ed to  have form ed in discs and and were subsequently transferred  to  a spheroidal 
com ponent. T here are several possible mechanisms for bulge form ation. T he th ree 
m ost im p o rtan t are: (i) collisionless mixing of stellar orb its during collapse; (ii) m ergers 
between disc galaxies; and (iii) secular evolution of the  disc, possibly involving bar-like 
stabilities. I consider only the  second of these: the form ation of spheroids in ga lax y - 
galaxy m ergers. This is the  m ost likely mechanism for the form ation of large bulges and 
ellipticals, while secular evolution m ay play a role in creating small bulges in la te-type 
galaxies.
W hen two disc galaxies merge, the morphology of the rem nant depends prim arily  
on the m ass ra tio  of the  two galaxies involved (it also depends, to  a lesser ex ten t, on the  
orbital param eters and the  relative orientations of the discs). Several studies (Barnes 
.1992; H ernquist 1992) using N-body sim ulations have shown th a t m ergers between 
equal-m ass disc galaxies produce elliptical rem nants with r 1/ 4~law light profiles; the 
discs of both  galaxies are com pletely destroyed. In con trast, W alker, Mihos & H ernquist 
(1996) have shown th a t  the  accretion by a disc galaxy of a satellite w ith m ass 1 /1 0 th  
th a t of the accreting galaxy results in a thickening of the disc, but does not destroy 
it. In this case, the core of the satellite falls to  the centre of the more massive galaxy. 
Recent studies (N aab, B urkert & H ernquist 1999; N aab & B urkert 2001a) suggest th a t  
the critical m ass ra tio  dividing these two regimes is around 4 : 1, with 3 : 1 m ergers 
producing ellipticals which have disc-like isophotes. In both  of the cases outlined above, 
the m erger results in an inflow of gas, triggering a  period of enhanced s ta r  form ation 
activity  (Mihos & H ernquist 1994a, b, 1996). This burst of s ta r  form ation is particu larly  
strong in m ajor m ergers, where it m ay s ta r t as early as the tim e of the  first close 
approach of the  galaxies and continues until they finally merge.
The picture is thus one of constantly  evolving galaxy morphologies, as illustrated  
in Fig. 3.4. Initially, gas cools onto a disc and forms stars. If such a disc is involved in 
a m erger w ith ano ther of sim ilar mass then both discs are destroyed and a spheroidal
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m erger rem nan t is produced. Subsequently, fresh gas can cool around  th e  rem nant, 
form ing in a  new disc, in which a  new generation of s ta rs  can form , and the  process
is repeated . A lternatively, a disc galaxy can grow a bulge by accre ting  m any small
satellites, w ith o u t its own disc being d isrupted.
I define the  m ass ra tio , M sat/M cen, of two m erging galaxies to  be th e  ra tio  of the 
to ta l baryonic m asses (g as+ sta rs) of the  discs of the  two galaxies. I define two regimes:
Msat/Mcen ^  / b m ajor m erger,
M sat/M cen < fb  m inor merger, (3.17)
sep ara ted  by a  critical m ass ra tio , / b, which is a  free p aram ete r of th e  model.
(1) M ajor mergers. W hen two galaxies of m ass ra tio  M sat/M cen ^  / b merge, all of the  
s ta rs  in th e  tw o galaxies are transferred  to  the  bulge of th e  m erger rem nant.
(2) M inor mergers. W hen the  central galaxy in a  halo accretes a  satellite  with 
Msat/Mcen <  /b> all of the  s ta rs  in the  satellite  (bo th  disc and bulge) are transferred  
to  th e  bulge of th e  cen tral galaxy. T he cen tral galaxy re ta in s its  own disc.
In th e  event of a  m ajo r m erger, any cold gas is tu rn ed  to  s ta rs  in a  single bu rs t of 
s ta r  form ation ; these s ta rs  are placed in the  bulge of the  m erger rem nan t. No s ta rb u rs t 
results from  a  m inor m erger. N ote th a t  these s ta rb u rs ts  are different, and in addition 
to , those caused by halo m ergers. W hen a galaxy undergoes several m erger events in 
a  single tim estep , I tre a t  th e  events separately, so th a t  th e  disc is destroyed if any one 
of th e  m ergers satisfies M sat /M cen ^  fb- I take no account of th e  cum ulative effect 
on a galaxy of consecutive, closely-spaced m ergers, which m ight be expected to  have a 
g rea ter effect th an  each taken on its own.
B ursts  on galaxy-galaxy  m ergers m ake a sm all contribu tion  (~  5%) to  th e  present- 
day stellar con ten t of the  universe. Fig. 3.5 shows th e  s ta r  form ation  history  of the 
universe, broken down into contribu tions from  different m odes of s ta r  form ation , for a 
model w ith bursts of s ta r  form ation on m ajor m ergers. A t the  present day, such bursts 
m ake a  contribu tion  to  the  s ta r  form ation ra te  com parable to  th a t  from  s ta rb u rs ts  
driven by halo m ergers, bu t their relative im portance falls off m ore quickly w ith redshift.
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th e  c e n tr e  w i th o u t  d i s r u p t in g  th e  d is k
Figure 3.4: A merger-driven model for the evolution of galaxy morphologies. As gas cools 
and collapses in haloes it forms discs, but these can be destroyed in major mergers, when two 
galaxies of comparable mass merge, resulting in a spheroidal merger remnant. Further cooling 




Figure 3.5: The star formation history of the universe as a function of redshift, includ­
ing a contribution from bursts on galaxy-galaxy mergers (dot-dashed line). Curves are 
plotted for model K (see table 3.1). Contributions from other modes of star formation 
are also shown: quiescent star formation in discs (light, solid line), starbursts (dashed 
line) and star formation in sub-resolution haloes (dotted line).
D u s t y  s p h e r o i d s
In th e  basic m odel I assum ed th a t  the  spheroidal com ponent of galaxies was unaffected 
by d u s t extinction . This is generally tru e  for old bulges and ellipticals. In the  above 
model, spheroids form  in m ajo r m ergers, often w ith an associated b u rst of s ta r  form a­
tion. These young s ta rs  are placed in th e  spheroid and, because of th e  lack of dust 
extinction , are extrem ely bright. Of course, th is is ju s t an indication th a t  th e  model is 
too  sim ple in th is  respect —  galaxies th a t  have undergone a recent m ajo r m erger will 
not have settled  down into their final spheroidal configurations and will have chaotic 
m orphologies. Such recent m ergers are observed as u ltralum inous infrared galaxies 
(ULIRGs) and are found to  contain significant am ounts of d u st, associated w ith  the 
s ta rb u rs t.
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Table 3.1: Parameters of the disc models.
P aram eter basic A
Model 
B K G N Eqn.
/b 0.25 0.25 0.25 0.25 0.25 (3.17)
®K 0.7 0.7 0.7 (3.6)
/mrg 1 . 0 1 . 0 0.5 0.5 0.5 0.5 (2 .2 0 )
e* 0.05 0.05 0.05 0.05 0.005 0.005 (2.33)
self-gravity • •
N FW  profile •
T he s ta rb u rs t phase is not modelled in detail, so I adop t a simple model in which 
the spheroids of galaxies th a t  have undergone a m erger in the last G yr are assum ed 
to  suffer from dust extinction . For simplicity I adop t the  sam e dust extinction law as 
for discs (equation 2.45), which a t least ensures th a t  the bright end of the lum inosity 
function is unchanged by changes in the  morphologies of galaxies.
3.3 P ro p e rtie s  o f disc galaxies
T he sim plest way to  illustra te  the  effects of the several ingredients of the disc model is 
to  s ta r t  from the  basic model set ou t in chapter 2  and to  then add the new ingredients 
one by one. In tab le  3.1 I define five new models, in addition to  the  basic model. The 
param eters of the  basic model are unchanged in the o ther models, with the exception 
of the s ta r form ation efficiency, e*, which has to  be reduced in models with self-gravity, 
to  allow for th e  sm aller dynam ical times.
3.3.1 B ulge-to-d isc ratios
Since, in this section, I am interested in the properties of disc galaxies, it is im p o rtan t 
to  first define w hat is m eant by this term . T he m eaning m ay seem obvious but, in fact, 
there are very few galaxies th a t  are pure discs (mainly LSB galaxies and very late-type
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spirals). T he H ubble sequence is a continuum  in bulge-to-disc ra tio  w ith  pure discs a t 
one end of th e  spec trum  and a t the  o ther pure spheroids (ellipticals). Between these 
lie bulge-dom inated spirals, lenticulars, and ellipticals w ith discy isophotes.
T he bulge-to-disc ra tio  is a convenient variable to  use for m orphological classifica­
tion in galaxy form ation models (e.g. K auffm ann, W hite  & G uiderdoni 1993; Somerville 
& Prim ack  1999; C L B F). I t correlates strongly  w ith m orphologies assigned by visual 
inspection of im ages (Simien & de Vaucouleurs 1986), although th ere  is a  significant 
overlap, particu larly  a t  th e  im p o rtan t dividing line between spirals and lenticulars. 
T his is no t surprising, since the  bulge-to-disc ra tio  is only one of several c rite ria  for 
classifying disc galaxies in the  Hubble scheme. T he d istinction between lenticulars and 
spirals aside, th e  relative im portance of th e  two m ain s tru c tu ra l com ponents is p rob­
ably th e  m ost physically significant way of classifying galaxy m orphologies. For the  
purposes of th is section, I divide galaxies into th ree classes, on th e  basis of th e ir bulge 
fractions (the fraction  of the  to ta l flux being em itted  by th e  spheroidal com ponent) in 
the  B  band:
(B /T )g  >  0.6 bulge-dom inated galaxies,
0.4 < (B /T )b  ^  0.6 in term ediate  galaxies,
(B /T )b  ^  0.4 d isc-dom inated galaxies.
T he boundaries correspond approxim ately  to  the  divisions between ellipticals, lenticu­
lars and spirals according to  the results of Simien & de Vaucouleurs, and  it is tem pting  
to  identify th e  m orphological classes defined above w ith those of th e  H ubble scheme. 
However, th is  should be done w ith caution since th e  overlap betw een th e  bulge-to-disc 
ra tio s of th e  different Hubble types will, a t  th e  very least, increase th e  sca tte r  in the 
predicted  properties of any individual class.
T he m ain param eters  affecting the  bulge fractions of galaxies are th e  m erging 
tim escale, / mrg and the  critical m ass ra tio  for a  m ajo r m erger, /t,. In Fig. 3.6 I plot 
the  d istribu tion  over bulge fraction, (B /T )b , for the  galaxies in m odel A, divided into 
different ranges into absolute m agnitude. T he different classes of galaxy defined above 
are m arked by shading of the  histogram : w hite for d isc-dom inated galaxies, dark  grey 
for bulge-dom inated and paler grey for in term ediate  galaxies. T he d o tted  histogram  
shows th e  sam e result for the  basic model of chap ter 2 ; the  difference between these
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F ig u re  3.6: The bulge fractions, (B /T  )b , of galaxies in the B  band for model A, showing 
the effect of changing /b- The top-left panel shows the distribution for all galaxies, while 
in the remaining three panels the galaxies are divided into absolute magnitude bins. 
Model A is shown by the solid histogram, with shading corresponding to the morphlogical 
classes defined in the text. Galaxies in the white bins are disc-dominated, while those 
in darkest bins are bulge-dominated and the bins containing galaxies with intermediate 
properties are a lighter shade grey. The dotted histogram is for the basic model.
two models illustra tes the  effect of distinguishing between m ajor and m inor m ergers. 
The ra tios of the  num ber of galaxies in each morphological class for model A is disc : 
interm ediate : bulge =  89 : 2 : 9. If these classes are identified with the Hubble types 
E, SO and S + Irr  then the d istribution  is biased tow ards the two extrem es of alm ost 
no disc and alm ost no bulge, com pared to  the  morphological mix in the  A PM  B right 
G alaxy C atalogue (Loveday 1996): S + Irr : SO : E =  67 : 20 : 13. M ost im portantly , 
from the point of view of the  rem ainder of this section, model A predicts too  m any disc- 
dom inated, or spiral, galaxies. In Fig. .3.7 I plot the d istributions for model B (again, 
the do tted  histogram  is for the basic model). For this model, the morphological ratios 
in the brightest bin are disc : interm ediate : bidge =  77 : 5 : 18, which is closer to  the 
observed ratios, although still ra ther biased tow ards the extrem e ends of the  spectrum . 
Adding a s ta r  form ation threshold (model K, Fig. 3.8) reduces the num ber of disc-
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Figure 3.7: As Fig. 3.6 for model B, showing the effect on the bulge fractions of changing 
J mrg-
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Figure 3.8: As Fig. 3.6 for model K, showing the effect on the bulge fractions of adding 
a star formation threshold.
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F ig u re  3.9: Gas contents of spiral galaxies as a function of 5-band magnitude. In (a)
I plot the distribution for model B, which has no star formation threshold. The heavy, 
solid line is the median gas mass-to-light ratio for all galaxies with (B /T )# < 0.4 and 
the shaded region indicates the 10% and 90% quartiles of the distribution. In (b) I plot 
the distribution for model K. Symbols with error bars are observational measurements as 
follows: open squares are Hi only measurements for a complete sample of spiral galaxies of 
all Hubble types (Huchtmeier & Richter 1988); open triangles are Hi+H 2 measurements 
for a sample of Sa-Sd galaxies (Sage 1993). In both cases the data points and error bars 
represent the median and 10 and 90% quartiles of the observed distributions.
dom inated galaxies slightly, a t the  expense of bulge-dom inated ones (72 : 5  : 23), bu t 
the num ber of in term ediate  galaxies remains the  sam e. It appears to  be quite difficult 
to  produce galaxies w ith bulge-to-disc ratios of order unity in th is model, although 
it should be noted th a t  bulge-to-disc ratio  is not the cleanest way to  separate  spirals 
and lenticulars. Indeed, it forms no p art of the observational criteria  for distinguishing 
these two classes.
3.3.2 Gas contents of spiral galaxies
The property  of galaxies m ost strongly affected by the presence of a s ta r  form ation 
threshold is the  mass of cold gas in the disc. As shown in section 3.2.2, the  model 
gives definite predictions for the fraction of the cold gas th a t is allowed to  be tu rned  
into s ta rs  (although the threshold does not prevent some, or all, of the  rem aining gas
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being reheated  to  th e  hot phase as a consequence of s ta r  fo rm ation ). O bservationally, 
th e  m ost convenient m easure of the  gas fractions of galaxies is th e  ra tio  of the  gas 
m ass to  th e  lum inosity  in som e band. In Fig. 3.9 I plot th e  d is trib u tio n  of hydrogen 
m ass-to-light ra tio  in the  B  band, as a function of abso lu te  5 -b a n d  m agnitude for 
disc-dom inated galaxies in models B and K, which differ only by the  presence of the  
s ta r  form ation  threshold  in model K. T he m ass of hydrogen in th e  model galaxies 
is ca lculated  assum ing a  77 : 23 mix of H : He and includes bo th  atom ic (Hi) and 
m olecular (H2) hydrogen phases. T he observations p lo tted  in th e  figure are from  two 
sources: for low-luminosity, la te-type galaxies, the  m olecular fraction  is generally low 
(~15% ; Boselli, Lequeux & Gavazzi 2002), so th e  H uchtm eier & R ichter poin ts should 
give a good approxim ation  to  the  to ta l Hydrogen m ass, while a t brigh t m agnitudes the 
field population  is dom inated by early-type spirals, so th e  Sage d a ta  should be a good 
estim ate  of the  overall d istribu tion  for spirals of all types.
For th e  b righ test galaxies in m odel B, the  predicted  gas m asses are a fair m atch 
to  th e  observational estim ates. T he model, however, p red ic ts a correlation between 
lum inosity  and the  m edian gas m ass-to-light ra tio  in the  opposite sense to  w hat is 
observed and w ith a sca tte r  orders of m agnitude larger a t  fa in t m agnitudes. C o n trast 
th is  w ith the  d istribu tion  for galaxies in model K. T he s ta r  form ation  threshold  m ainly 
affects the  fa in test galaxies: the  gas contents of these galaxies are alm ost entirely 
determ ined  by th e  threshold, which locks up baryons in the  cold gas reservoir and 
prevents them  from being tu rn ed  into sta rs . M odel K predicts a correlation of in the 
correct sense and slope, although the  m edian gas fractions are system atically  high and 
the  sca tte r  too  large.
T he discrepancy between the gas contents of th e  m odel galaxies and those in the 
observational sam ples may, a t first sight, seem to  be a  problem  for th e  m odel. However, 
it is likely th a t  th e  observational sam ples are biased tow ards high surface-brightness 
(HSB) galaxies. LSB galaxies are generally observed to  have higher gas fractions th an  
their HSB co u n terp arts , so if a significant fraction of the  m odel galaxies have low surface 
brightnesses then  their presence will bias the  average gas con ten t tow ards higher values. 
In Fig. 3.10 I plot the  Hydrogen m ass-to-light ra tio  as a function of disc central surface 
brightness. From  th is plot it is clear th a t  th e  galaxies w ith th e  highest gas fractions
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F i g u r e  3 . 1 0 :  Gas contents of spiral galaxies as a function of disc central surface 
brightness. The heavy, solid line is the median gas mass-to-light ratio for all galax­
ies with (B / T ) b  < 0.4 and the shaded region indicates the 10% and 90% quartiles 
of the distribution. Filled circles are observational measurements of Hi mass-to-light 
ratios by Burkholder, Impey & Sprayberry (2001). For high surface-brightness galax­
ies (those with fio ^  23 B —mag arcsec-2 ) I correct for the molecular contribution 
using the results of Young & Knezek (1989), while for low surface-brightness galaxies 
(Ho > 23 B —mag arcsec-2 ) I plot the raw Hi measurements.
are indeed of low surface-brightness, such th a t  they would not be included in even th e  
deepest observational sam ples. B urkholder, Impey & Sprayberry (2001) have m easured 
the Hi contents of a sam ple of HSB and LSB galaxies and I plot their d a ta  in Fig. 3.10. 
HSB galaxies are expected to  have a significant fraction of m olecular Hydrogen; Young 
& Knezek (1989) have m easured M h2 /M h i as a function of Hubble type, which I use 
to apply an average correction to  the  observations of Burkholder et al. for galaxies 
with no ^  23 B -m a g  arcsec - 2  (the value of 23 B -m a g  arcsec- 2  is arb itra ry , bu t is 
often taken as an approxim ate division between HSB and LSB galaxies). For galaxies 
with ho > 23 B -m a g  arcsec- 2  I plot the raw Hi m easurem ents, since LSB galaxies are 
expected to  have much lower m olecular fractions (e.g. Schom bert e t al. 1990). T he gas
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F i g u r e  3 . 1 1 :  As Fig. 3.9(b) for high surface-brightness (go ^  23 B —mag arcsec~2) disc 
galaxies only.
fractions of HSB galaxies predicted by the  model agree well w ith  th e  observations, bu t 
the  correlation is too  steep and has a  much sm aller sca tte r  th an  observed. However, 
th e  com parison should be trea ted  w ith caution because th e  con tribu tion  from  m olecular 
gas is n o t well quantified and is known to  vary considerably w ith morphology, surface 
brightness, etc.
T he effect of th e  surface brightness bias is illu stra ted  in F ig. 3.11. T his plot 
is equivalent to  Fig. 3 .9(b), bu t I now restric t th e  sam ple to  those galaxies with 
/¿o ^  23 B -m a g  arcsec- 2 . A t a given m agnitude, th is HSB sam ple has a  m edian 
gas fraction  significantly less th an  the  to ta l sam ple and reproduces th e  observed values 
well. A lthough the  correlation w ith m agnitude is ra th e r flat, th e  overall fit is consid­
erably im proved. T his is one exam ple of how surface brightness selection effects can 
bias our view of the  universe, so th a t  care m ust be taken before rejecting models which 
appear, a t  first sight, to  be in disagreem ent with observations.
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3.3.3 Bivariate brightness distribution
de Jong & Lacey (2000) have m easured th e  d istribu tion  of disc scale lengths as a func­
tion of luminosity for a com plete sam ple of ~1000 Sb-Scd galaxies w ith well-defined 
selection lim its (M athew son, Ford & Buchhorn 1992, M athew son & Ford 1996). T he 
d a ta  are well-described by a Schechter function in luminosity, combined w ith a lognor­
mal d istribu tion  of scale-sizes.
Figs. 3.12-3.15 show the  d istribu tions of disc scale lengths in bins of absolute I-  
band m agnitude. T he bivariate d istribution  of de Jong & Lacey is p lo tted  as a solid 
histogram  with error bars, their effective (half-light) radii having been converted to  
exponential scale lengths using R e =  1.678i?a- W here no galaxies were detected  in 
a given bin, their upper lim it is given. T he m agnitudes are for the  disc only, and 
are corrected to  face-on, dust extincted values. T he model curves include only galaxies 
with (B /T )^  ^  0.3; this is slightly m ore restrictive th an  the definition of disc-dom inated 
galaxies given earlier, to  account for the fact th a t  the de Jong & Lacey sam ple includes 
only galaxies of Hubble type Sb and later. I also plot the  predictions of th e  semi- 
analytic model of CLBF (dotted  histogram ; results taken from de Jong & Lacey). T he 
model curves are quite well-fit by lognorm al distributions; as expected from simple 
argum ents:
1 . for an exponential disc, the scale length is given by i?a =  jdisc/2 V'c ;
2 . if the  angular m om entum  of the baryons is conserved then jd i s c  =  J h a lo  ;
3. for a halo with an isotherm al sphere profile E  =  - M hai0 l/c2 /2 , so the spin p aram ­
eter (equation 2.14) reduces to  A =  JhaloF'c/GMhaio;
4. the spherical collapse model gives Vc3 ~  1 0G M ha\oH (z )  for a halo of m ass M halo 
formed a t  redshift.
Com bining these and using the  Tully-F isher relation, L  oc V ° ,  the scale length of 
a galaxy disc can be w ritten  as R ^  ex A , where ¡3 =  —1 / a ,  for a given form ation 
redshift, z. Since the spin param eters of haloes are expected to  have a log-norm al d istri­
bution, independent of the  o ther properties of the galaxy, the  scale length d istribu tion
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is also expected to  be log-norm al, w ith the  sam e w idth  u\n R ~  0.5. T his is already a 
problem  for th is simple model, since the  observed w idth is much sm aller (crln r  — 0.3).
In Fig. 3.12 I com pare th e  bivariate d istribu tions for m odels K (solid line) and B 
(do tted  line). M odel B clearly predicts a much wider d istribu tion  of scale lengths a t a 
given lum inosity th an  is observed. In fact, th e  model d istrib u tio n  is even wider then  
the  prediction  of the  CLBF model, because of the  wider spin d istribu tion  m easured 
in th e  N -body sim ulations. Independent G aussian fits to  th e  d istrib u tio n s in Fig. 3.12 
yield w id ths in log 1 0 i?d of 0 .6 -0 .8 , in agreem ent w ith th e  w idth  of th e  spin d istribu tion  
m easured in th e  sim ulations. A particu lar problem  for th is  m odel is th e  excess of 
large scale length (LSB) galaxies in the model, de Jong  & Lacey suggested th a t  a  s ta r  
form ation  threshold  would ac t to  suppress s ta r  form ation in large scale length  discs, 
th u s bringing down their num bers. T he solid line in Fig. 3.12, which is for m odel K, 
shows th a t  th is is indeed the  case: the  num ber of galaxies w ith scale lengths in the 
range 2-3  kpc is reduced in all four lum inosity bins, although  th e  form al w idths of 
th e  d istribu tions rem ain alm ost unchanged, because of th e  large popu lations of small 
scale-length discs.
T he correlation  between the  m edian scale length and lum inosity  can be seen more 
clearly in Fig. 3.16. A linear fit to  th e  m edian values gives a  re la tionsh ip  of th e  form 
i?d(med) ^  , w ith  ¡3 =  —0.31, steeper th an  the  observed slope of (3 =  —0.21.
M odels A, B and K all assum e a flat ro ta tion  curve for th e  dark  m a tte r  and neglect 
th e  self-gravity of th e  disc itself. B oth  of these assum ptions affect th e  scale lengths of 
galaxies. In Fig. 3.13 I com pare the  scale length d istribu tion  for m odel K (do tted  line) 
w ith those for models G (dashed line) and N (solid line), which include the  corrections 
described in section 3.2.3, in the  first case for disc self-gravity only, and in the  second for 
th e  com bined effects of self-gravity and an N FW  dark  m a tte r  profile. C u rren t thinking 
suggests th a t  th is la tte r  model should be the  m ost realistic. However, it is clear from 
Fig. 3.13 th a t  bo th  models G and N produce discs w ith scale lengths th a t  are too  small 
on average, th e  difference between the N FW  profile and th e  iso therm al sphere being 
of secondary im portance to  the  self-gravity of the  disc. However, th e  slope of the  size- 
lum inosity correlation for model N, (3 =  -0 .1 9 , is actually  much closer to  the  observed 
value. T he difference can be clearly seen in Figs. 3.16 (m odel K) and 3.17 (model N).
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F ig u re  3.12: The bivariate distribution over scale length and /-band magnitude for models B 
(dotted line) and K (solid line), showing the effect of adding the star formation threshold. The 
solid histogram with error bars and the upper limits are the distribution derived by de Jong & 
Lacey (2000) and the dotted histogram is the prediction of a semi-analytic model (see text for 
details).
Rilhd1 kpc
F ig u re  3.13: As Fig. 3.12 for models K (solid line), G (dashed line) and N (dotted line), 
showing the effect on the disc sizes of the self-gravity of the discs (model G) and, a dark m atter 
halo described by the NFW profile, rather than a singular isothermal sphere (model N).
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F ig u re  3.14: The effect on the bivariate brightness distribution of varying the feedback effi­
ciency, Vhot- The heavy solid line is for model K, while the remaining lines are for stronger 
(Vkot =  300 km s-1 ; heavy, dashed line) and weaker (Vhot =  100 km s-1 ; heavy, dotted line) stel­
lar feedback. The solid histogram is the observational measurement of de Jong & Lacey (2000) 
and the dotted histogram is the prediction of a semi-analytic model (see text for details).
fid/fto'1 kpc
F ig u re  3.15: As Fig. 3.14, showing the effect of varying the feedback efficiency, «hot- Again, 
the heavy solid line is for model K. The remaining lines are for steeper (c*hot =  4; heavy, dashed 
line) and shallower (cthot =  1; heavy, dotted line) dependence of feedback efficiency on the halo 
circular velocity.
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F ig u re  3.16: Disc scale length vs. /-band magnitude for disc-dominated galaxies in 
model K. The points are individual galaxies, while the diamonds mark the median scale 
length at each magnitude. The solid line is a linear fit to the median scale length as a 
function of magnitude (excluding the brightest point, since there are only a few galaxies 
in this bin and they are unusually compact).
Of the param eters of the basic model, the one th a t has the largest effect on the 
bivariate d istribu tion  ( th a t is, o ther th an  simply changing the num ber of galaxies a t 
a given lum inosity) is stellar feedback. In Figs. 3.14 and 3.15 I show the effect on the 
distribution  for model K of varying Vhot and a hot, respectively. T he main effect of 
increasing the  stren g th  of feedback in small haloes, either through increasing Vhot or 
Q'hot, is to  delay s ta r  form ation, so th a t  there is more gas available to  form s ta rs  in 
large scale-length discs a t la ter tim es. The effect is, however, small.
3.3.4 Revisiting the T u lly -F ish e r relation
In chap ter 2 I used the  T ully-F isher relation (TFR ) as a general constra in t on the 
galaxy form ation model. The only selection criterion I applied was th a t the  galaxies 
used to  define the  relation had to  be actively forming stars. Observationally, however.
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Figure 3.17: As Fig. 3.16 for disc-dominated galaxies in model N.Again, the brightest 
magnitude bin is excluded from the fit. For comparison, the dotted line shows the fit 
from Fig. 3.16.
th e  T F R  is a relationship  between the  lum inosities of spiral galaxies and th e  ro ta tional 
velocities of their discs, which are no t necessarily th e  sam e as th e  virial velocities of 
th e ir p aren t haloes. In Fig. 3.18 I com pare the  T F R s for m odels K and N. T he velocities 
p lo tted  are th e  m axim um  ro ta tiona l velocities of th e  discs, which are th e  sam e as the 
virial velocities of the  haloes in model K, bu t in model N are calculated  assum ing an 
N FW  profile for the  dark  m a tte r and including the  self-gravity of th e  discs. This leads 
to  discs th a t  ro ta te  a t roughly twice th e  expected speed, which is consisten t w ith the 
results of th e  previous section, where I showed th a t  the  sam e m odel pred ic ts discs th a t  
are too  sm all a t a  given luminosity. This seems to  be a  serious problem  for m odels th a t  
assum e a  centrally -concentrated  halo profile. Given th a t  self-gravity is undoubtab ly  
im p o rtan t in m ost galaxies, th e  only way to  m atch the  observed sizes and ro ta tiona l 
velocities of galaxies would seem to  be to  abandon the  cen trally -concen trated  dark  
m a tte r  profile in favour of one th a t  is fla tte r in the  central regions.
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F ig u re  3.18: The /-band Tully-Fisher relation for (a) model K and (b) model N, 
showing the combined effect of including the self-gravity of the disc and an NFW profile.
3.3.5 Sizes of stellar discs
One of the  m ore in teresting predictions of the  model is th a t  spiral galaxies should have
a well-defined ou ter edge to  their s ta r  forming discs, corresponding to  the  ou ter critical
(2 )radius, R cr(t . This behaviour is indeed observed in m any edge-on spirals (e.g. Kregel,
van der K ru it & de G rijs 2 0 0 2 ), where a trunca tion  of the exponential light profile is
seen a t radii typically several tim es the  exponential scale length. In Fig. 3.19 I com pare 
(2)
values of R Kcr(t for galaxies in model K w ith the  observed cut-off radii of Kregel et al. 
The observational d a ta  is for a small sam ple of galaxies and has large error bars, b u t it 
seems to  show a slight tendency for R {̂ J R d to  increase tow ard sm aller values of R d. 
This trend  is m irrored in the  model points, bu t the slope is much steeper and there are 
no large scale-length galaxies w ith large relative trunca tion  radii.
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Figure 3.19: Outer critical radii of galaxies in the simulations compared to the observed 
distribution of truncation radii in spiral galaxies. The solid curve marks the median value
/n\
of IicJ t /R d  and the shaded area denotes the 10 and 90% quartiles of the distribution. 
Circles with error bars are for the sample of Kregel, van der Kruit & de Grijs (2002).
3.4 C o n s e q u e n c e s  o f  thresholds for g a la xy  form ation
3.4.1 Star form ation thresholds: an alternative to feedback?
In Fig. 3.20 I com pare the  effect of adding a s ta r  form ation  th resho ld  w ith  th e  sep ara te  
effect of increasing «hot (recall th a t  this gives th e  slope of th e  dependence of feedback 
efficiency on circular velocity). S ta rtin g  from  the  basic model, w ith «hot =  1 (i.e. a weak 
dependence on circular velocity), the  effect of increasing c*hot to  its fiducial value of 2  is 
to  fla tten  the  fain t-end slope. Adding a s ta r  form ation threshold  (m odel K) has much 
th e  sam e effect. N ote th a t  model K also includes m orphological evolution, which is not 
p resent in th e  basic model, and has a different m erger tim escale, b u t neither of these has 
a large effect on the  lum inosity function (see Fig. 2.19a for th e  effect on th e  lum inosity 
functions of changing / mrg). T he combined effect of a  s ta r  form ation  threshold  and the 
fiducial feedback s tren g th  brings th e  fain t end slope down even m ore, bu t resu lts in too 
few galaxies a t in term ediate  lum inosities. This is illustra ted  in Fig. 3.21. T he sam e is 
tru e  of models in which it is the  param eter Vhot th a t  is altered . So it seem s th a t  weak
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Figure 3.20: A comparison of the effects on the B- and /f-band luminosity functions (LFs) of 
feedback and star formation thresholds. The solid curve in each panel is for a variant of model 
K that has weak feedback in low-mass haloes («hot =  1)- The remaining curves are for the 
basic model; the dotted curve is for a model that also has «hot =  1 while the dashed curves are 
for »hot =  2. The model LFs are plotted over observational data as in Fig. 2.18.
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Figure 3.21: The combined effect on the B- and A'-band luminosity functions (LFs) of feedback 
and star formation thresholds. Both of the model curves are for model K; the solid curves are 
for a hot =  1, as in Fig. 3.20, while the dotted curves are for a hot =  2, the fiducial value in 
chapter 2. The model LFs are plotted over observational data as in Fig. 2.18.
Consequences o f thresholds fo r  galaxy form ation 117
feedback is n o t only possible, b u t necessary, in models w ith th resholds. In any case, 
it is clear th a t  s ta r  form ation thresholds are a t least as good a way of fla tten ing  the 
fain t-end  slope of th e  lum inosity function as feedback. Unlike th e  feedback prescription, 
which is a sim ple scaling law w ith free param eters, s ta r  form ation  thresholds have the  
advan tage of being observationally-m otivated and th e  critical density, param eterised  in 
a K, is fixed by these observations. Evidence for s trong  feedback from s ta r  form ation  in 
‘no rm al’ galaxies has, on the  o ther hand, proven to  be elusive.
3.4.2 W here are the baryons?
K enn icu tt (1989) observed th a t  the  azim uthally-averaged gas surface density  profile in 
sp iral galaxies closely follows (to w ithin a factor of ~  2 ) th e  critical density  for s ta r  
fo rm ation  predicted by g rav ita tional stab ility  argum ents (see also M artin  & K ennicu tt
2001). T his strongly  suggests th a t  the  gas conten ts of spirals are prim arily  determ ined 
by the  s ta r  form ation  threshold  and th a t  the  s ta r  form ation  history  m ust therefore 
be controlled by th e  ra te  of infall of fresh gas onto  the  disc. T hus, one m ight expect 
th e  s ta r  form ation  histories of high and low surface-brightness galaxies to  respond 
differently to  the  presence of thresholds. In Figs. 3.22 and 3.23 I p lo t th e  m edian 
fraction  of th e  baryons in each phase (hot gas, cold gas, stars) as a  function  of tim e for 
L* and L */1 0  galaxies, respectively. A t each lum inosity, I divide th e  galaxies in to  HSB 
(fj.o ^  23 B —m ag arcsec- 2 , top  rows) and LSB (/iQ >  23 B —m ag arcsec- 2 , bo ttom  
rows) sam ples. T he left colum n shows the  predictions of model B and th e  righ t column 
the  predictions of model K. T he upper p a r t shows the  fraction  of the  final baryonic 
m ass in place, also as a function of tim e. N ote th a t  th e  corresponding sam ples for 
the  tw o different m odels do no t necessarily contain  th e  sam e galaxies: th e  sam ples are 
defined on the  basis of the  present-day properties predicted  by each m odel separately.
T he difference between the two models is m ost pronounced in low -lum inosity galax­
ies. In m odel B, the  cold gas fraction in these galaxies is kept low by th e  action of 
feedback, which ensures th a t  the dom inant fraction of th e  baryons is kept in th e  hot 
phase. This is particu larly  tru e  of HSB galaxies, in which the  s ta r  form ation  tim escaie 
is sm all. In LSB galaxies the  tim escaie for depletion of th e  cold gas reservoir is longer, 
b u t feedback is m ore efficient so the fraction tu rned  into s ta rs  is sm aller and a larger
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Figure 3.22: The evolution of the hot and cold gas reservoirs and the mass of long-lived stars 
for the most massive progenitors of present-day L* galaxies. Top row: high surface-brightness 
(Ho ^  23 5 -m a g  arcsec“ 2) galaxies in model B (left) and model K (right). Bottom row: low 
surface-brightness (no > 23 B  mag arcsec “) galaxies in the same two models. The main part 
of each panel shows the median fraction in each phase for galaxies in the range M* ±  1 mag, 
while the top parts show the fraction of the final baryonic mass in the most massive progenitor 
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Figure 3.23: As Fig. 3.22 for L*/10 galaxies.
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fraction is reheated to  the  hot phase. In both  cases, feedback lim its th e  fraction  of 
baryons th a t  are tu rned  into s ta rs  bu t the  cold gas fractions are inconsistent w ith ob­
servations, leading to  th e  trend  seen in section 3.3.2. In model K, the  cold gas fraction 
in low-luminosity galaxies is m aintained a t a m ore or less constan t level for m ost of the  
history of the  galaxies, th rough the action of the  s ta r form ation threshold . T he g rea tes t 
difference is seen in LSB galaxies: model K predicts th a t ,  con trary  to  the  predictions 
of model B, the  g reatest fraction of the baryons in low-luminosity LSB galaxies should 
be in the  form of a  cold gas disc. The effects of thresholds are not restric ted  to  low- 
luminosity galaxies: even in L* LSB galaxies, model K predicts th a t  cold gas should 
m ake up a sim ilar fraction of the  to ta l baryonic content to  stars.
3.5 D iscussion
I have shown how the  observed gas contents of spiral galaxies can be conveniently 
explained by the  existence of a threshold density, below which w idespread, massive 
s ta r  form ation is not possible. Such thresholds are expected from g rav ita tional stab ility  
argum ents and have been observed directly in external galaxies (K ennicutt 1989; M artin  
& K ennicutt 2001). T he possibility of a non-linear s ta r  form ation law is often neglected 
in galaxy form ation models, bu t s ta r  form ation laws in which the  tim escale for s ta r  
form ation in galaxies is simply proportional to  the dynam ical tim es of their discs, as 
observed a t high densities (K ennicutt 1998), predict gas contents for low-luminosity 
galaxies th a t are too low to  be consistent w ith observations. An em pirical scaling of 
the s ta r form ation tim escale with circular velocity, as adopted by some authors, predicts 
the correct correlation between gas content and luminosity, b u t has no obvious physical 
m otivation, unlike the non-linear law adopted here, which has both  good theoretical 
m otivation and observational evidence in its favour.
de Jong  & Lacey (2000) suggested th a t s ta r form ation thresholds m ight play an 
im portan t role in shaping the bivariate brightness d istribution , a 2 -dim ensional general­
isation of the LF th a t  includes the sizes of galaxies. LFs are one of the m ost im p o rtan t 
constra in ts on galaxy form ation models, but they provide only a partia l description 
of the galaxy population, for reasons discussed in chapter 4. A full description of the
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galaxy population  requires a d istribu tion  over a t least tw o of th ree  p aram eters: lum i­
nosity, surface brightness and scale size; and a sam ple th a t  is com plete to  well-defined 
selection lim its in the  chosen param eters. A bivariate d istribu tion  over any two of 
these p aram eters  is not biased by surface-brightness selection effects and  also provides 
a s tronger co n stra in t on galaxy form ation models.
M odels w ith  no s ta r  form ation threshold predict a  w ider d istribu tion  of disc scale 
lengths a t a  given lum inosity th an  is observed. S ta r form ation  thresholds ac t to  suppress 
s ta r  form ation  in low surface-density discs, leading to  fewer large scale-length galaxies 
a t a given lum inosity. T he effect is, however, not large enough to  bring the  predicted 
d is trib u tio n  into agreem ent w ith the  observations and the  w idth  of the  d istribu tion  is 
still to  large. To correct this, a mechanism  is also required to  reduce th e  num bers of 
sm all scale-length discs.
T he scale lengths of discs are strongly  affected by their own self-gravity. M odels 
in which th is effect is taken into account predict the  correct slope of th e  correlation 
between m edian scale length and luminosity, which is no t th e  case for m odels th a t  
assum e massless discs. The la tte r  give a  slope consistent w ith theore tical expectations 
from th e  sim ple m odel outlined in section 3.3.3, suggesting th a t  self-gravity m ay be 
th e  cause of the  difference between the  expected slope and th a t  observed. However, 
they  also predict galaxies th a t  are, on average, too  small for their lum inosity. A nother 
consequence of th is th a t  th e  model T F R  is offset from the  observed relation by a  factor 
of order 2 in circular velocity. It is difficult to  see how the  predictions of the model, 
particu larly  the  zero-point of the  T F R , can be reconciled w ith observations unless the 
circular velocities of discs are close to  th e  virial velocities of th e ir haloes. As pointed 
ou t by Mo & M ao (2000), th is would require haloes to  be less centrally-concentrated  
th an  those seen in N -body sim ulations. T he existence of a  cen tral cusp in the  density 
profiles of galaxy haloes is a m a tte r  of controversy; in particu lar, th e  ro ta tio n  curves of 
LSB dw arf galaxies have been found by m any au tho rs to  be b e tte r  fit by profiles w ith 
co n stan t density  cores (de Blok & M cG augh 1997; Sw aters, M adore & Trewhella, 2000; 
de Blok & B osm a 2002) th an  by N F W -type profiles. Such profiles have been given little  
a tten tio n  in the  field of galaxy form ation modelling, so it would be in teresting  to  know 
if they  are capable of producing discs of th e  correct size while preserving th e  slope of
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the correlation w ith lum inosity predicted for self-gravitating discs.
3.6 C o n clu s io n s
I have investigated th e  effects of a non-linear s ta r  form ation law on the  properties of 
disc galaxies, by incorporating  the  s ta r  form ation threshold of K enn icu tt (1989) into 
the phenom enological galaxy form ation model set ou t in chapter 2. T he existence of 
s ta r  form ation thresholds affects the  evolution of galaxies in two ways: by lim iting the  
am ount of gas th a t  can be tu rned  into s ta rs  and by defining the  star-form ing region 
of the  disc, thus determ ining the  am ount of gas considered ‘available’ for s ta r  form a­
tion. Some galaxies are unable to  form any s ta rs  because their gas discs are entirely 
sub-critical. I have shown how s ta r  form ation thresholds can explain th e  observed 
gas contents of spiral galaxies, provided selection effects in surface-brightness are ac­
counted for. M odels with thresholds also reproduce the observed correlations between 
gas content and both  lum inosity and surface brightness.
S tar form ation thresholds go some way tow ards reducing the  w idth of th e  scale 
length d istribu tion , by lim iting, and in some cases preventing, widespread s ta r  form a­
tion in low surface-density discs. This confirms the  speculative suggestion of de Jong 
& Lacey (2000). T he problem  of reducing the num bers of small scale-length discs, 
however, rem ains. T he observed scale lengths and circular velocities of galaxy discs 
cannot be reproduced by models in which the dark  m a tte r profile has a  central cusp; 
the  combined effects of the  cuspy density profile and the  self-gravity of the  disc pro­
duce discs th a t  are too  small for their luminosities and ro ta te  too rapidly to  lie on the  
observed T F R . T he closest fit to  the  bivariate brightness d istribu tion  of galaxy discs is 
achieved by m aking the basic assum ptions of a massless disc and an iso therm al sphere 
halo profile.
C h a p ter  4
Surface brightness selection 
effects
I th is ch ap te r I apply the  model developed over the  previous tw o chap te rs  to  the  ques­
tion of th e  role played by surface brightness selection effects in shaping  the  observed 
galaxy lum inosity function. I do th is by constructing  mock surveys using th e  sim ulation 
boxes and selecting galaxies on th e  basis of their isophotal m agn itude —  th e  in tegra ted  
flux above som e lim iting isophote. Sam ples selected in th is way miss m any fain t, low 
surface-brightness galaxies, even though their to ta l fluxes p u t them  w ithin  the  form al 
m agnitude lim it. T he conclusion I reach is th a t  it is possible to  reconcile even models 
w ith intrinsically  very steep faint-end slopes w ith th e  observed lum inosity  function, 
which removes one of the  m otivations for s trong  stellar feedback in galaxy form ation 
models.
4.1 In tro d u ct io n
T he galaxy lum inosity function (LF) is one of the  m ost im p o rtan t co n stra in ts  on galaxy 
form ation  models. M odels in which feedback from s ta r  form ation  is less efficient a t 
reheating  gas in low-mass haloes generally pred ic t a  steeper fain t-end slope (a  ~  —2 ) 
to  th e  LF (Kauffm ann, W hite & G uiderdoni 1993; Cole et al. 1994; C L B F), in apparen t 
conflict w ith th e  observed slope (ce ~  —1.20 to  —1.25; see tab le  1.1). However, th e  LF 
gives an incom plete description of th e  galaxy population , for th e  following reason: all
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observational sam ples have, in addition to  the  formal m agnitude (or in som e cases 
d iam eter) lim it, an isophotal (surface brightness) limit, which biases them  against the  
inclusion of low surface-brightness galaxies of all lum inosities. An extrem e exam ple of 
this is M alin 1 (B othun et al. 1987) which has a  to ta l apparen t m agnitude of B  =  14.2 
and is, in fact, th e  m ost lum inous galaxy in th e  local universe, bu t is excluded from 
m any sam ples claim ing com pleteness to  fain ter m agnitude limits because its low surface 
brightness m eans th a t  m ost of the  flux is below the  lim iting isophotes of such sam ples. 
A LF derived from a m agnitude-lim ited sam ple is thus only valid over som e range in 
surface brightness a t a given luminosity. It has been suggested (Cross et al. 2001) th a t  
the  different isophotal lim its of surveys m ay be responsible, a t least in p a r t, for the 
different values of the Schechter param eters m easured from different surveys. In fact, 
the  disagreem ent between the  observed faint-end slope and the predictions of galaxy 
form ation models is considerably less serious now th a t  it was a decade ago, when the  
best d a ta  suggested a slope a  <  1 ; Loveday et al. 1992).
G alaxy sam ples are usually taken to  be com plete down to some limit in app aren t 
m agnitude (or, in some cases, angular d iam eter). T he apparen t m agnitude of a galaxy is 
related to  its absolute m agnitude by m  — M + 5  log 10  ¿ l+ 2 5 ,  where is th e  lum inosity 
d istance to  th e  galaxy, m easured in Mpc. So, naturally, observational sam ples are 
dom inated by intrinsically bright galaxies, since these can be seen a t  much g reater 
d istance th an  galaxies with fainter absolute m agnitudes. This bias m ust be accounted 
for when deriving quan tities such as the space density of galaxies as a. function of 
absolute m agnitude, i.e. the  LF. T he sim plest estim ator for the  LF is the  m axim um -  
volume ( V m a x )  estim ator. For each galaxy, i, in a sample, an equivalent density  is 
calculated based on the  distance, dmax, a t which the galaxy in question would be 
expected to  drop ou t of the sam ple, on the basis of the formal selection criteria. T he 
galaxies are then binned in absolute m agnitude to  give an estim ate of the LF:
<K(M )dM  =  £ - L ,  (4 . 1 )
i * m ax
where the  sum is over all galaxies for which M  -  d M /2  ^  Mi  <  M  +  d M /2 .  For a 
m agnitude-lim ited sam ple, the volume over which a galaxy of lum inosity L  is seen is
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given by
Knax(^) 0̂  dmax
a  L 3/2, (4.2)
w here dmax is the  d istance a t which the  galaxy drops o u t of th e  sam ple. T he Vmax 
estim ato r relies on th e  assum ption of a uniform  galaxy d istribu tion  and so is rarely used 
in practice because th e  tru e  galaxy d istribu tion  is strongly  clustered. M ore advanced 
estim ato rs  give resu lts th a t  are independent of inhom ogeneities in th e  d istribu tion  of 
galaxies: th e  tw o m ost com m only used are the  STY  (Sandage, T am m ann & Yahil 1979) 
and stepwise m ax im um  likelihood (E fsta th iou , Ellis & P eterson  1988) estim ato rs. Both 
are m axim um -likelihood techniques bu t, while the  form er requires a functional form 
(such as th e  Schechter function) to  be assum ed, th e  la tte r  is independent of th e  shape 
of th e  LF.
E quation  4.2 is only stric tly  applicable to  a point source, for which th e  total flux 
can be m easured. In practice, for resolved sources such as galaxies, a tru e  flux-lim ited 
sam ple does no t — and indeed cannot —  exist, because all surveys have a lim iting 
isophotal level and any flux d istribu ted  below th is level is missed. T he consequence of 
th is is th a t  flux-lim ited (and, to  a lesser ex ten t, d iam eter-lim ited) sam ples are biased 
aga inst th e  inclusion of LSB galaxies, regardless o f  their total flux.  To gain a  com plete 
descrip tion of the  galaxy population from a  m agnitude-lim ited  sam ple, it  is necessary 
for th e  sam ple to  be com plete to  well-defined m agnitude (mnm) and isophotal (/¿nm) 
lim its and to  have 2 -dim ensional pho tom etry  for all galaxies, from  which a d istribu tion  
over two p aram eters  can be derived. M cG augh, B othun & Schom bert (1995) give the  
full expression for th e  visibility of a galaxy w ith central surface brightness po and scale 
size h:
Vm ax(/bM o) ex
cc /i3 1 0 -0-6^ ° -™ m)[ /( i? iso)]3/ 2, (4.3)
w here L\so — f ( R { So) is the  flux m easured above th e  lim iting isophote and R lso is the  
isophotal radius (note th a t  I m easure the  surface brightness relative to  th e  isophotal 
lim it, yu,]im, ra th e r th an  th e  Freem an value, p f  — 21.65 B - m ag arcsec- 2 , as they  did).
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Figure 4.1: The visibility of galaxies in a flux-limited sample, as a function of central 
surface brightness, /io, and linear size, li. Plotted is the effective volume, Vmax, over 
which a galaxy with the given properties will be seen in a sample limited by the apparent 
isophotal magnitude. The units of Vmax are arbitrary, as are those of h, and ¡iq is mea­
sured relative to the isophotal limit, / ¿ i im . M* is the usual Schechter function parameter.
This is p lo tted  in Fig. 4.1, from which it is clear th a t  sam ples w ith isophotal m agnitude 
limits are biased against the  inclusion of galaxies with low surface brightnesses, as well 
as those w ith small angular ex ten ts. D iam eter-lim ited sam ples are known to  be less 
strongly biased against the  inclusion of LSB galaxies, bu t m ost large galaxy surveys 
are m agnitude-lim ited.
One way to  ensure a fair com parison between observations and the  predictions of 
galaxy form ation m odels is to  com pare to  a bivciriate brightness function, such as th a t  of 
de Jong & Lacey (2000), with which I com pared the predictions of the model in chap ter
3. As well as providing a stronger constra in t on the model, a bivariate brightness 
d istribution is not affected by surface brightness selection effects. U nfortunately, large 
sam ples of galaxies com plete to  well-defined selection limits are rare. An a lternative
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approach  is to  take  th e  predictions of a  model and apply th e  sam e selection crite ria  as to  
the  observed sam ple. T he two approaches are com plim entary; while th e  la t te r  doesn’t  
give as s trong  a constra in t, it a t  least prevents m odels being ruled-out p rem aturely  
because th e  observational constra in ts  are taken a t face value. An exam ple of th is is 
th e  need for s trong  stellar feedback in galaxy form ation  m odels to  explain th e  faint-end 
slope of th e  LF. In th is  chapter, I use mock redshift surveys to  show how surface- 
brightness selection effects can explain the  faint-end slope of th e  LF w ith o u t the  need 
for s trong  feedback.
4.2  M o d e llin g  selection effects
4.2.1 C o n stru ctin g  a survey volume
M ock survey volum es are constructed  by lining up sim ulation boxes along th e  line-of- 
sight between an observer at z  = 0 and som e high redshift. T he first useful o u tp u t 
from  th e  sim ulations is a t  z ~  8.5 so, in practice, th is fixes th e  m axim um  redshift of the  
mock surveys. A t a given redshift, z, the  redshift elem ent corresponding to  a comoving 
length A L  is
A z  =  A L  (4.4)
(see appendix  C ), where H {z)  is given by equation (1.13). T he sim ulation boxes have 
a fixed com oving length of 32/ig 1 M pc. T he redshift of each box is found by sum m ing 
these con tribu tions along th e  line of sight from the  observer, s ta r tin g  from  th e  centre 
of the  first box (z = zq) and working ou t in steps of A L / 2 .  T his requires ~  200 boxes 
along th e  line of sight, m any m ore th an  the ac tua l num ber of snapsho ts (~  40) available 
of each sim ulation box, so it is neccessary to  in terpo la te  th e  galaxy properties between 
th e  snapsho ts. T he transverse comoving length, A L y ,  corresponding to  an angle Aip  
on th e  sky a t  redshift z, is
A T t  =  R o S k ( r )  A t p
=  ( l  +  z ) D A Ail>, (4.5)
where D x  is th e  angular d iam eter d istance (equation C .3). Even for a survey w ith 
sm all angular size (a ‘pencil-beam ’ survey), such as I consider here, th is  length exceeds
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F ig u re  4.2: Arrangment of boxes in a mock survey volume at four different redshifts. 
The dimensions plotted on the x and y axes are angle on the sky, in degrees. The heavily 
outlined box in the centre of each panel marks the limit of a 2° x 2° square survey area. 
Only galaxies with B < 25 are included.
the w idth of a  single box a t  m oderately high redshifts (z ~  0 . 3 3  for a 2 ° x  2 ° survey, 
as shown in Fig. 4.2), so it is neccessary to  use the same box several tim es a t the  sam e 
redshift.
Building a survey in this way clearly m eans th a t  clustering along the line of sight 
on scales larger th an  the  comoving box size is not taken into account. In effect, I am 
assum ing th a t  the boxes used are representative of the universe as a whole. In fact, the 
initial conditions were set up in such a. way th a t  each box has the  average properties
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of th e  universe. This is not, however, tru e  of real survey volum es. As pointed ou t in 
chap te r 2, th is m eans th a t  th e  effects of cosmic variance will be underestim ated . Using 
th e  sam e sim ulation box m any tim es, both  along and perpendicu lar to  the  line of sight, 
clearly also in troduces an artificial clustering signal. A num ber of steps are  therefore 
taken to  minimise contam ination  from such effects:
1. each box is random ly ro ta ted  through m ultiples of 90° ab o u t its  th ree  axes, so 
th a t  different faces of the  box are used each tim e;
2 . th e  galaxies in each box are random ly shifted en mass  in th ree  dim ensions, in a 
periodic fashion, so th a t  galaxies th a t  leave the  box by one face en ter th rough  
th e  opposite face;
3. th e  boxes are placed on a grid and th e  whole grid is then  random ly  tran s la ted  by 
up to  half the box length in a plane perpendicular to  the  line of sight;
4. finally, th e  en tire  grid is ro ta ted  by a random  angle ab o u t an axis parallel to  the  
line of sight.
T he results of th is procedure are illustra ted  in Fig. 4.2 for four different redshifts. 
C lustering  of galaxies on the sky can have an effect on th e  LF, particu larly  a t the  
fa in t end, because th e  fa in test galaxies are only seen over a sm all volum e and we w ant 
to  m ake sure th a t  this volum e is as representative as possible of th e  whole sim ulation 
volum e. These considerations aside, the  actual d istribu tion  of galaxies on th e  sky is not 
im p o rtan t for th is application, so I com bine the  five sim ulation boxes by construc ting  
a sep a ra te  5° X 5° survey for each sim ulation and sim ply adding th e  resu lts (which is 
equivalent to  laying them  side-by-side on the  sky) to  create  one 125 deg2 survey.
4.2.2 G alaxy properties
As already discussed, the  num ber of boxes required to  form  a contiuous volum e along 
the  line of sight is larger th an  the  num ber of available snapsho ts. To estim ate  the 
lum inosity of a galaxy a t a given tim e, I take the  sim plest possible approach, perform ­
ing a  stra igh tfo rw ard  linear in terpolation  between the  lum inosities a t th e  two closest 
snapshots. T his m ethod works for m ost galaxies, bu t a problem  arises in the  situation
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where several galaxies exist as separate  entities a t one snapshot, b u t have m erged into 
a single, larger galaxy a t the next. T here is no simple way of dealing with th is problem ; 
the sim ulation is set up in such a way th a t  it is not possible to  predict th e  properties 
of the progenitor galaxies im m ediately prior to  a m erger event. Instead, I in terpo la te  
between the  final galaxy and its m ost massive progenitor. This is no t very satisfac­
tory, since it does not take account of the fact th a t  the  galaxies existed as separate  
entities for a fraction (in some cases m ost) of the  tim e between the  two snapshots. A 
more consistent trea tm en t would require m ore inform ation abou t galaxies to  be stored  
im m ediately prior to  each m erger event.
The o ther piece of photom etric inform ation needed is the  scale length of the  disc 
of each galaxy. I do not in terpo late  this between snapshots, because the  scale length is 
not a  sm oothly varying q u an tity  b u t rem ains approxim ately constan t th ro u g h o u t the  
lifetime of a galaxy halo (since it is determ ined prim arily by the  angular m om entum  of 
the cooling gas).
4.2.3 N um ber counts and redshift distribution
I take model K from the  previous chapter as my fiducial model. Here I present two 
s ta tistics which I use to  te s t the  m ethod outlined above. In Fig. 4.3 I plot th e  galaxy 
num ber counts as a  function of apparen t m agnitude in the  B  band. On the  whole 
the predictions of the  model agree well with the observed num ber counts in th e  range 
shown, although they  are a little on the high side, especially a t fain ter m agnitudes. 
T he redshift d istribu tion  for galaxies brighter th an  B  =  19.71 is given in Fig. 4.4. 
The limit was chosen to  correspond to  the limiting m agnitude of the 2dFG RS survey, 
6j =  19.45, converted to  the  Johnson B  band using equation (1.46). T he d istribu tion  
is som ew hat broader than  th a t  of the  N orth Galactic Pole (NGP) field of the  2dFG RS, 
which shows a sharp  peak a t the m edian redshift of 0.1 (I use the  N G P field since 
the South G alactic Pole field may be affected by large-scale structu re ; N orberg et al. 
2002). The m edian redshift of the model galaxies is also 0.1, but the high- 2  tail is 
more prom inent in the model d istribution. In both cases there are very few galaxies 
beyond 2  ~  0.5. For com parison, I also plot the redshift d istribution  predicted by the 
model 2  =  0 LF, combined with corrections for redshifting of the observing band (k-
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B
F ig u re  4.3: Differential number counts in the B  band for the combined 125 deg2 mock 
survey. The solid curve shows the predicted counts from model K and the shaded area 
marks the r.m.s. variance between the five individual 5° x 5° fields that make up the full 
survey. The data are taken from two sources: triangles show the APM number counts 
(Maddox et al. 1990) while squares with error bars are the data of Metcalfe et al. (1991).
correction) and for evolution (e-correction). I take th e  m ean k + e  correction of N orberg 
et al.: k (z )  +  e ( z ) =  (z  +  6 z2) / (  1  +  2 0 z3) (this m ean correction  does no t account for 
differences w ith  spectral type, b u t N orberg et al. find th a t  th is  m akes little  difference 
to  the  reconstructed  LF). T he d istribu tion  of redshifts predicted  using th is m ethod 
agrees well w ith th a t  m easured in the mock surveys and still overpredicts th e  num ber 
of galaxies a t the  high-redshift end of the  sam ple, relative to  th e  2dFG R S.
4.2.4 Se lecting  galaxies
I select galaxies on th e  basis of their isophotal m agnitudes. Recall th a t  the  model 
galaxies consist of two s tru c tu ra l com ponents:
1. A flat, circular and infinitesim ally th in  disc w ith an exponential surface brightness
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z
F ig u re  4.4: The redshift distribution for galaxies with B  < 19.71 (corresponding to 
< 19.45, the limit of the 2dFGRS) in the combined 125 degJ mock survey. The solid 
histogram gives the distribution for model galaxies while the shaded area marks the 
r.m.s. variance between the five individual 5° x 5° fields that make up the full survey. 
The redshift distribution of galaxies in the North Galactic Pole field of the 2dFGRS 
(Norberg et al. 2 0 0 2 ) is given by the dashed histogram, which is normalised to give 
the same total number of galaxies in the field. The smooth, solid curve is the redshift 
distribution predicted by the model LF at z = 0 and the mean 2dF k +  e correction (see 
text).
profile, com prising a hom ogeneous m ixture of s ta rs  and dust.
2. A spherically sym m etric bulge with an R 1/ 4-law  light profile in projection, which 
is unaffected by dust extinction except in the case of recent m ergers, where I 
again assum e a hom ogeneous m ixture of s ta rs  and dust.
The model set ou t in chapters 2 and 3 predicts the luminosities, b u t not the  sizes, of 
spheroids. Ellipticals, however, have a fundam ental plane sim ilar to  the  Tully-Fisher 
relation for spiral galaxies. For ellipticals, this takes the  form
l°gio(-Re /  arcsec) — aTog10(ao /  km s *) +  /3(pe /  mag. arcsec 2) + 7 , (4 .6 )
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where r e is the  half-light, or effective, radius; g e is th e  m ean surface brightness w ithin 
r e and <To is the  central stellar velocity dispersion. T he bulges of early -type spirals are 
also found to  lie close to  the  fundam ental plane defined by ellipticals and lenticulars 
(Falcon-Barroso, Peletier & Balcells 2002). A fit to  th e  5 -b a n d  fundam en tal plane for 
a  com bined sam ple of ellipticals, lenticulars and bulges by these au th o rs  yields values 
of a  =  1.15, /3 =  0.31 and 7  =  -8 .3 7 . A dopting th is  result and using equation  (D.10), 
th e  5 -b a n d  fundam ental plane can be w ritten  as
log10(-Re /  arcsec) =  14.09 — 2.09 log10(<7o /  km s“ 1) -  0 .5 6 5 . (4.7)
As an estim ate  of the  stellar velocity dispersion I take th e  velocity dispersion of the 
p aren t halo. W yse, G ilm ore & F ranx  (1997) find th a t  th e  mean  s te llar velocity disper­
sions of bulges are correlated  w ith the virial velocities of their p aren t haloes: {v2)\lff[gc: —
0.7Vc, although individual galaxies deviate from th is relation  by as m uch as a  factor of 
2  and th e  cen tral velocity dispersion, cr0, will generally be som ew hat higher.
I assum e an 5 1/,4-profile (equation D.7) for spheroids of all sizes. In reality, bulges 
in spiral galaxies often have profiles closer to  exponential, which m ay suggest th a t  they  
are closely related  to  the  disc com ponent (W yse 2000). Falcon-B arroso  e t al. find 
values of th e  Sersic param eter, n 1, ranging from 0.9 to  6 . 2  for th e ir sam ple of bulges, 
w ith a  m edian value of 2.9.
T he light profiles of the disc and bulge com ponents are described by equations 
(D .l)  and (D .7), respectively. I assum e sm ooth , elliptical isophotes to  calculate the  
sem i-m ajor axis, 5 j so, of the lim iting isophote. T he isophotal m agnitude is then the 
am oun t of flux w ithin this radius in the  galaxy and is given by th e  sum  (in m agnitudes) 
of the  con tribu tions from the  two com ponents, which are given by equations (D .6 ) and 
(D .13). T he assum ption of elliptical isophotes is a good approxim ation  for nearly face- 
on galaxies, or for galaxies whose light is dom inated by one or o th er of th e  com ponents, 
b u t clearly not for edge on galaxies w ith bo th  a disc and a prom inent bulge, since 
the  bulge com ponent is less flattened th an  th e  disc. In th e  next section I com pare 
the  lum inosity functions derived from the  mock surveys w ith th a t  m easured from  the
'T h e  Sersic (1968) profile takes the form /j(r)  =  /je +  2.5bn [(r / re) l / n — 1]. T he  /{ '/ ‘‘-profile is a 
special case of this profile w ith  n =  4, while the n =  1 case corresponds to  an  exponential profile.
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2dFGRS. For th is reason, I select galaxies to  have isophotal m agnitudes B lso < 19.71, 
which corresponds to  6j <  19.45, the formal m agnitude limit of the 2dFG RS.
4.2.5 Lum inosity function
I use the Fmax approach to  estim ate the LF from the mock survey. As discussed in 
section 4.1, th is estim ator is less then  ideal for observational purposes because it relies 
on the assum ption of a uniform galaxy distribu tion , which is only tru e  on the  largest 
scales. In the mock surveys, however, there is no clustering on scales larger th an  th e  size 
of the sim ulation boxes, so the  assum ption is valid and the  Gmax m ethod should give a 
reliable estim ate of the  tru e  LF. O bservational sam ples are generally corrected for both  
redshifting of the w aveband (k) and the  effects of evolution (e). T he k-correction is 
implicitly included in the sim ulated sam ple by using the rest-fram e 5 -b a n d  m agnitudes 
of the galaxies. No evolution correction is applied to  the  model galaxies; th e  evolution 
in the bright end of the  model LF is small (in the  5 -b a n d ), so I expect th is  to  m ake 
only a  small difference. A m ore com plete trea tm en t would include th is effect.
In Figs. 4.5 and 4.6 I show how different isophotal lim its affect the  derived LF 
for two different models. T he m agnitudes p lotted  in the figures are total m agnitudes. 
The use of isophotal m agnitudes, or o ther types of m agnitude, as estim ates of the  to ta l 
luminosities of galaxies is also an issue and is expected to  con tribu te to  uncertain ties 
in the derived LF (Cross & D river 2002), bu t th is does not really belong under the  
heading of selection effects, since it is a  question abou t the  accuracy of the param eters 
measured for galaxies th a t  are included in the sam ple. It is clear from Figs. 4.5 and
4.6 th a t accounting for selection does have an effect on th e  predictions of the  models. 
Model K from chap ter 3 gives the  best fit to  the observed scale lengths of disc galaxies 
and should give the m ost accurate  estim ate of the  m agnitude of th e  effect of surface 
brightness selection. However, th is model does not have an intrinsically fain t steep 
faint-end slope, as a result of the combined effects of feedback and the s ta r  form ation 
threshold, so selection effects need only play a small role in determ ining the observed 
faint-end slope. It is more interesting to  ask if selection effects can reconcile a  steep 
intrinsic faint-end slope w ith the observed value. For this reason, I also show the  results 
for a variant of model K with weaker feedback in low-mass haloes (Fig. 4.5b) and for
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th e  basic model of chap te r 2, which has no s ta r  form ation  threshold  (Fig. 4.6). T he 
steepest faint-end slope is achieved for a model w ith no s ta r  fo rm ation  threshold  and 
O'hot — 1- T he isophotal lim it of the  2dFG RS is 24.50 m ag arcsec - 2  in 6j ,  equivalent 
to  24.76 B —m ag arcsec- 2 . A t th is level the  best fit to  th e  observed LF is ob tained  for 
m odels w ith  weak feedback and thus intrinsically steep  fain t-end slopes; m odels w ith 
shallow intrinsic slopes actually  underpredict the  num ber of fa in t galaxies. T his result 
is only qualita tive  because, as I showed in chap ter 3, none of th e  m odels gives a  perfect 
fit to  th e  observed sizes of real galaxies. N evertheless, the  effect is clearly im p o rtan t.
T he dip in th e  LF around M # =  —19.5+5 log 10 h0, which is p resent in all bu t one of 
th e  LFs in Figs. 4.5 and 4.6 was also evident in the  intrinsic LF of m odel K (Fig. 3.21). 
Here, it is apparen tly  an arte fac t of the  way in which th e  m ock surveys were constructed , 
since it also affects th e  basic model, b u t th e  tw o features are clearly re la ted . T hey  seem 
to  have their origins in the  surface-densities (or surface-brightnesses) of th e  galaxies in 
question, b u t fu rth e r investigation is required to  identify th e  cause.
4.3 D iscu ss io n  and conclusion s
Stellar feedback was in troduced in galaxy form ation  m odels p a rtly  to  solve th e  problem  
of an overabundance of fain t galaxies, leading to  a steep  fain t-end slope, in app aren t 
conflict w ith the  observations of the  tim e. T he idea is to  suppress s ta r  form ation  in 
low-m ass haloes, thus leaving m ore gas to  form  s ta rs  in m ore m assive haloes a t la te r 
tim es. T he m otivation  for s trong  stellar feedback is less s trong  now th an  it was a 
decade ago, because the  slope of the  fain t end of th e  LF has steepened progressively 
as observations push to  deeper isophotal lim its. This, in itself, is evidence th a t  surface 
brightness selection effects have been im p o rtan t in th e  past, b u t it is a su b jec t of some 
controversy w hether or no t cu rren t large galaxy surveys have accounted for m ost of the  
galaxies m issing from the  earlier observations. In chap ter 3 I showed how, even w ithout 
selection effects, s ta r  form ation thresholds in discs provide an a lte rna tive  m echanism  for 
suppressing s ta r  form ation  in low-mass haloes, w ith a  sim ilar effect on th e  fa in t end of 
the  LF as feedback. T he aim in this chap ter was to  find o u t if selection effects can, either 
alone or in conjunction with th e  two physical m echanism s described above, reconcile
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F ig u re  4.5: 5-band luminosity functions (LFs) reconstructed using the maximum-volume 
estimator from a 125 deg2 survey with a magnitude limit of B = 19.71. The LFs in (a) are 
for model K with the fiducial feedback slope, a^ot =  2, and those in (b) are for a variant of 
the same model with Qhot =  1. The heavy, solid curves are the intrinsic LFs of the galaxies in 
the survey volume, while the remaining curves are for magnitude-limited samples with different 
limiting isophotes. The triangles with error bars give the LF of the 2dFGRS (Norberg et al. 
2002).
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F i g u r e  4 .6 : 5-band luminosity functions (LFs) reconstructed using the maximum-volume 
estimator from a 125 deg2 survey with a magnitude limit of B = 19.71. The LFs in (a) are for 
the basic model with the fiducial feedback slope, ahot =  2, and those in (b) are for a variant of 
the same model with «hot =  1- The heavy, solid curves are the intrinsic LFs of the galaxies in 
the survey volume, while the remaining curves are for magnitude-limited samples with different 
limiting isophotes. The triangles with error bars give the LF of the 2dFGRS (Norberg et al. 
2002).
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the predictions of galaxy form ation models with the  observed faint-end slope of the  
LF. A lthough the results cannot be considered conclusive, because of the  o u tstand ing  
problem of m atching the  observed bivariate brightness d istribu tion , my investigation 
shows th a t  this is indeed a possibility: by selecting model galaxies from  a mock survey 
on the basis of their isophotal m agnitudes, it is possible to  achieve agreem ent w ith the  
observed LF even for models w ith intrinsically steep faint-end slopes.
This result removes one of the  m otivations for the  inclusion of s trong  stellar feed­
back in galaxy form ation models. Feedback m ay still be neccessary for o ther reasons, 
particularly  to  prevent ca tastroph ic  cooling into small stru c tu res a t early tim es, leading 
to  an ‘angular m om entum  ca ta s tro p h e’. However, observational evidence, in th e  form 
of strong  supernova-driven winds, for the  im portance of feedback in norm al galaxies a t 
the present-day has yet to  be found. By ‘norm al’, I mean galaxies th a t  are not under­
going a strong  burst of s ta r  form ation. S ta rb u rs ts  of th is kind are usually concentrated  
in the nuclei of galaxies and are often often associated w ith strong  stellar winds. It 
has been suggested th a t the  efficiency of feedback is dependant on the size of the s ta r  
forming region, in which case it m ight be expected th a t  feedback was im p o rtan t early 
in the universe, when s ta rb u rs ts  were more com m on, bu t th a t  it is of less im portance 
in present-day galaxies.
T he results presented in th is chap ter are in teresting in their own right. O f equal 
im portance is the m ethod used to  ob tain  them . The approach of construc ting  mock 
galaxy surveys from cosmological N-body sim ulations, by combining them  w ith a  phe­
nomenological recipe for galaxy form ation, is likely to  have m any practical applications, 
not only to  the in terp re ta tion  of existing observational sam ples, bu t also in planning 
future observations.
C h a p ter  5
Extending the model
T he sim ple description of galaxy discs set o u t in chap ters 2 and 3 provides a  sa tisfa to ry  
explanation  of several key observations, b u t th e  supposedly m ost realistic m odel is still 
unable to  m atch the  observed sizes and circular velocities of spiral galaxies, producing 
discs th a t  are system atically  too  sm all and ro ta te  too  rapidly. P reven ting  overm erging 
by preserving su b stru c tu re  w ithin haloes no longer seems to  solve the  problem , as it 
did in the  much sim pler model of vK JP , so it is necessary to  look to  o th er p a rts  of the 
model for a solution. A prom ising possibility is th a t  galaxy haloes do no t have cuspy 
profiles, as suggested by dissipationless N -body sim ulations, bu t instead  have large, 
co n stan t density  cores, as observed in low surface-brightness dw arf galaxies. In this 
chap te r, I show, briefly, how I include the  possibility of different halo profiles in the  
model and discuss a num ber of o ther possible im provem ents. T he ingredients presented 
here do not co n stitu te  a com plete or thoroughly  tested  m odel and th e  resu lts are only 
prelim inary. I include them  to  give an idea of th e  po ten tia l for fu tu re  investigations.
5.1 S e lf -co n s iste n t  disc profiles and rotation cu rve s
T he dynam ics of the  disc are governed by a g rav ita tional po ten tia l w ith th ree  com­
ponents: due to  the  disc itself, the  bulge (if one exists) and th e  dark  m a tte r  halo. 
T he po ten tials add linearly so th a t  the  circular velocity is a sum  in q u ad ra tu re  of the
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contributions of the  th ree  com ponents:
K n sc (r ) =  K % is c (r ) +  K % u lg e (r ) +  K % a lo (r )- O5 ' 1 )
The contribution m ade to  the  ro ta tion  curve by each com ponent is described below.
I assume th a t  the  disc re ta ins its exponential m ass profile a t all tim es and ignore the
response of the  bulge and the halo to  each o ther and to  the  disc. T he effect of self­
gravity is thus simply to  reduce the  exponential scale length of the  disc. As an initial 
guess I take the  value of the  scale length for a disc w ith a flat ro ta tio n  curve (equation 
2.36). I then  follow M M W  in solving iteratively  to  find a  m utually-consistent disc 
profile and ro tation  curve. Briefly, the procedure consists of
1 . using equation -5.1 to  calculate the  ro ta tion  curve of the  disc for the  initial scale 
length;
2 . choosing a new scale length, such th a t  the angular m om entum  of the  disc,
T) , f  co
jd isc  = ~ ^ J 0 Vc^ y2(i~ V d y ' ( 5 ‘2 )
is conserved; and then
3. re-calculating th e  ro ta tion  curve for the  new scale length, tak ing  into account the 
fact th a t  the  disc is now sam pling a different p a rt of the  halo ro ta tio n  curve.
Steps 2  and 3 are repeated until the  values obtained for the  scale length converge to  
within 1  part in 1 0 0 0 , which typically occurs after a small num ber (<  1 0 ) of itera tions.
H a l o  c o m p o n e n t
In addition to  the  singular isotherm al sphere, I consider two alternative  profiles. T he 
‘universal N FW  profile, given by equation (B.5), is found to  give a  good fit to  the 
density profiles of haloes in N-body sim ulations. However, the  ro ta tio n  curves of low 
surface-brightness dw arf galaxies are b etter fit by profiles w ith constan t density cores 
(de Blok & M cG augh 1997; Sw aters, M adore & Trewhella 2000; de Blok & Bosm a 
2 0 0 2 ); an exam ple of such a  profile is the pseudo-isotherm al sphere (equation B.10). 
The contributions of these two profiles to  the ro tation  curve of the disc are given by 
equations (B.7) and (B.12), respectively
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Disc c o m p o n e n t
T he ro ta tio n  curve of an isolated, self-gravitating, exponential disc is given by Freem an 
(1970):
v c,disc{y) =  2 GjjfdlsV  [I0 (y)K0(y) -  h ( y ) K i ( y ) ] , (5.3)
w here Md;sc is th e  to ta l m ass (sta rs+ gas) of the  disc, Ii{y)  and K fiy )  are modified 
Bessel functions and y — R /2R(\.
B u l g e  c o m p o n e n t
T he con tribu tion  of th e  stellar spheroidal com ponent can be significant for th e  ro ta tio n  
curves of sm all discs. I t can have a stabilising effect on a disc th a t  would otherw ise be 
g rav ita tionally  unstable, a lthough I do not consider th is possibility here. E llipticals and 
the  bulges of early-type spirals have light profiles th a t  are, in p ro jection , described by an 
i?1/ 4-law  (equation D .7). I assum e th a t  the spheroid light traces th e  m ass; th is is more 
likely to  be the  case for spheroids th an  it is for discs because, observationally, spheroids 
have uniform ly old stellar populations and are generally gas-poor. A 3-dim ensional 
density  profile th a t ,  p rojected  onto a plane, closely resem bles the  R 1' 4-law  profile is
. . 3M bulge Gtb
~  8 tt r 3/ 2(r +  a b ) 5/ 2 (
(Dehnen 1993). A bulge described by equation (5.4) m akes a con tribu tion  to  the  circular 
velocity of
V 2 (w) =  G M bulee W1/2 , r r',
c-bulge( ' ah (w + I ) 3/ 2 ’  ̂ )
where re =  r / a b . T he scale radius, a b , is related  to  th e  2-dim ensional half-light radius, 
R e, of the  i?1/ 4-law  by R e =  1.28ab (Binney & M errifield 1998, tab le  4.5).
T he virial criterion for a self-gravitating system  described by equation  (5.4) can 
be w ritten  in the  form
r , ~  o 4 G'Mbu‘5e 1 5  61
b V w  ( 6)
where r b is the  half-m ass radius (this can be checked by direct in tegra tion  of the  
expression for th e  binding energy). T he half-m ass rad ius is related  to  the  scale radius 
in equation (5.4) by a b =  0.5874rb. If the  spheroid is indeed a  self-gravitating stellar 
system  then  equation (5.6) can be used to  predict th e  half-m ass rad ius given the  stellar
142 E xtending the  model
velocity dispersion. T his la tte r  quan tity  is not predicted by my sim ple model, although 
any model for bulge form ation should be able to  predict a t least th is  basic property. 
Instead, as in chap ter 4, I use the velocity dispersion of the halo as a first estim ate.
If self-gravity is im p o rtan t, or if the  halo profile is no t isotherm al, th en  th e  disc 
ro tation  curve will not in general be flat. For a general ro ta tion  curve, V(\[SC(R).  the 
critical density no longer takes the  simple form of equation (3.6). Instead we have to  
use the general expression (equation 3.5), su b stitu tin g  in for the epicyclic frequency 
k, given by equation (3.4), a t  each radius. Thus, the  exact radial dependence of E crit 
depends on the  ro ta tion  curve of the  galaxy. However, for m ost realistic ro ta tion  curves, 
the critical density behaves in th e  sam e qualita tive way as in the  simple case outlined 
in chapter 3, th a t  is, it decreases m ore steeply th an  th e  exponential surface density  
profile a t small radii and is shallower a t large radii. Hence, it is still possible to  define 
the two critical radii, anc  ̂ as m inim um  and m axim um  radii for which
E gas ^  Sent- Fig. 5.1 shows the  situation  for four typical galaxies: two th a t  have 
widespread massive s ta r  form ation, one in which the  gas density  is barely above the  
threshold a t any radius and a fourth  th a t  is com pletely sub-threshold. N ote th a t  in all 
four cases the  ro tation  curve is approxim ately flat a t radii g reater th an  1 - 2  kpc.
The effect of different halo profiles on the T ully-F isher relation is shown in Fig. 5.2. 
R ather disappointingly, a  constan t density core, even quite a  large one (rc =  r vjr/1 0 ) ,  
appears to  do little  to  change the  circular velocities of th e  more massive discs. A t first 
sight, it would appear th a t  the halo profile is not of prim ary im portance to  the  T ully- 
Fisher relation. However, there are still some ou tstand ing  issues, particu larly  w ith the 
way th a t the virial velocity is calculated from the  N-body sim ulations when the  profiles 
considered would have different binding energies to  th a t  assum ed in applying the  virial 
tes t (see the discussion a t the  end of section 3 .2 .3 ).
5.2 D u st  in discs
Now th a t we have basic stru c tu ra l param eters for the model galaxies, it should be 
possible to  apply a more realistic model for dust extinction which takes account of the  
geometries of galaxies. A simple model (bu t one th a t is more realistic th an  the scaling
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Box # 2 , Galaxy #8009 Box # 3 , Galaxy #14865
R/Rd
F ig u re  5.1: The star formation threshold in four typical galaxies with realistic rotation curves. 
In the top half of each panel I plot the rotation curve of the disc (heavy, solid line) separated 
into components due to the halo (light, solid line) and the disc itself (dashed line). In the 
bottom  half I plot the critical density (dashed line) calculated according to equation (3.5) and 
the density profile of the gas disc (solid line). The hatched area is the star forming region, 
which I identify with the optical disc of the galaxy.
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F ig u re  5.2: The /-band Tully-Fisher relation (TFR) for different halo profiles: (a) a 
singular isothermal sphere, (b) the NFW profile, (c) a pseudo-isothermal sphere with 
core radius rc =  rYlr/ 30 and (d) another pseudo-isothermal sphere with rc =  rvjr /10. 
The heavy solid line is the median relation and the shaded area marks the 10% and 90% 
quartiles of the distribution. The remaining lines mark the mean observed TFR  (see 
Fig. 2.22 for details)
law adopted previously) is one in which the am ount of extinction scales w ith the  surface 
density of cold gas in the disc and with its metallicity. Guiderdoni & Rocca-Volm erange 
(1987) estim ate the face-on optical depth  of a disc galaxy as
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F ig u re  5.3: The optical depths of individual galaxies as a function of absolute 5-band 
magnitude. The heavy solid curve marks the median value of log10r s .  Diagonal lines 
mark the predictions of the scaling law of Wang & Heckman (1996) for different values 
of Tg and for slopes of /? =  0.5 (dashed lines) and ¡3 — 0.25 (dotted lines). Lines for the 
same value of 7g agree at Mb  — —19.7 -f- 5 log10 ho.
where (N n )  is the  average column dep th  of hydrogen over the  disc. For (A \ / A v ) z q  I 
take th e  m ean G alactic extinction curve of Cardelli, C layton & M ath is (1989). G uider- 
doni & Rocca-Volm erange (1987) find a scaling w ith m etallicity  of s =  1.6 for A > 
2000 A,  which covers th e  spectral region I am  in terested  in. As a  m easure of th e  ‘aver­
age’ hydrogen colum n depth , I take  th e  surface density  a t th e  half-light radius, related  
to  the  gas surface density, S g(rha]f), by
W  =  W  (5-8)
In Fig. 5.3 I plot th e  optical dep th  predicted by th e  above m odel as a function of 
5 -b a n d  m agnitude. I also show the  predictions of the  scaling law of W ang & Heckm an 
(1996). T he average extinction  agrees well w ith th e  scaling law param eterisa tion , but 
th ere  is a large degree of sca tte r which reflects variations in th e  sizes, m etallicities and
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F ig u re  5.4: The effect on the bivariate distribution of adding a star formation threshold, 
when the amount of dust extinction scales with the gas surface density. The solid curve 
is for a model with a threshold. The solid histogram with error bars is the distribution 
of de Jong & Lacey (2000).
gas contents of galaxies of a given luminosity.
The dependence of the  optical dep th  on the  surface density of the  gas disc has 
interesting consequences for the  d istribu tion  of scale lengths a t a  given lum inosity, as 
illustrated in Fig. 5.4. T he existence of s ta r  form ation thresholds now has m ore of an 
effect on small scale-length galaxies, which suffer more extinction for a given m ass of 
cold gas. This m ay be one way of explaining away the  excess of sm all scale-length 
galaxies seen in the sim ulations — a  possibility th a t  is certainly w orthy of fu rth e r 
investigation.
5.3 Future  directions
I have presented w hat I hope is a simple, yet realistic, m ethod for modelling the form a­
tion of galaxies in haloes identified in N-body sim ulations. One of the m ain m otivations
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for th e  work presented in th is  thesis was the  need for a  m odel th a t  can pred ic t th e  m or­
phologies of galaxies, in p articu lar the  gross d istinction between discs and bulges. This 
is desirable for several reasons:
1 . to  increase the  predictive power of th e  m odel to  encom pass such p roperties as disc 
sizes, bulge-to-disc ratios, etc. and their variation w ith epoch and environm ent, 
and in doing so to  im pose additional constra in ts  on the  model;
2 . to  m ake th e  m odel m ore realistic and its predictions m ore accura te , for exam ple 
enabling th e  ro ta tional velocity of the  disc, including th e  effects of its  own self- 
gravity, to  be used in the  T ully-F isher relation, ra th e r th an  th e  virial velocity of 
the  halo;
3. to  enable a  fairer com parison w ith observations, which are often biased by m or­
phological or surface-brightness dependent selection effects, or a  com bination of 
th e  two.
T here are, of course, always im provem ents th a t  can be m ade to  th e  m odel in order to  
m ake it even m ore realistic. An ou tstand ing  problem  is explaining the  zero-point of 
th e  observed T ully-F isher relation. P reventing overm erging no longer seems to  help, 
as it did in th e  sim pler m odel of vK JP , so we have to  look to  o th er aspects of the 
m odel, such as th e  shape of the  halo density profile or the  details of th e  disc form ation 
process. T he form ation and evolution of galaxy discs in p articu la r has been studied in 
detail by several au th o rs  (e.g. D alcanton, Spergel & Sum m ers 1997; M M W ; F irm ani & 
Avila-Reese 2000; van den Bosch 2000, 2001; Ferguson & Clarke 2001). M odels based 
on N -body sim ulations give no p articu lar advantage over analy tic  and sem i-analytic 
models in th is area. T he last of the  papers listed above address an o th er key issue for 
galaxy form ation  models: th a t  of the  origin of the  exponential profile, and th e  questions 
of w hether th e  exponential light profile reflects the  underlying m ass profile and w hether 
th is in tu rn  reflects th e  infall profile or is the  result of subsequent evolution. T he ex­
ponential disc profile is one of the  fundam ental assum ptions of th e  m odel presented 
in this thesis. If the  assum ption tu rned  ou t to  be incorrect, it could have im p o rtan t 
consequences, particu larly  on the  s ta r  form ation threshold . Ferguson & C larke re sta te
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the idea, originally proposed by Lin k  Pringle (1987), of viscous red istribution  of angu­
lar m om entum  in galaxy discs, which leads natu ra lly  to  an exponential stellar profile, 
for initial gas profiles th a t  are, in fact, much fla tter. This is an in teresting  possibility 
th a t  could be incorporated  into the model w ithout too  much difficulty. However, it is 
not clear th a t  building an even m ore detailed recipe for galaxy discs into th e  model 
adds anything to  our understanding  of w hat is going on, especially given th e  uncerta in ­
ties in some of the m ore fundam ental aspects of th e  model, such as th e  definition and 
properties of the  haloes them selves. Again, this task  is better-su ited  to  analy tic  and 
sem i-analytic models such as those listed above. T h a t is no t to  say th a t  incorporating  
some of the results of m ore detailed studies into a  phenomenological model such as this, 
when it is clear th a t  they  will make a difference to  the  predictions of the  model, is no t 
a useful excercise. An exam ple of how th is can be useful is the  use of th e  approxim ate 
expressions of M M W  for the  scale lengths and circular velocities self-gravitating  discs 
in haloes w ith realistic profiles. This clearly m ade the  model m ore realistic; th e  fact 
th a t  it resulted in a poorer m atch to  the  observational d a ta  is an indication of a more 
fundam ental problem  w ith the  model. However, overall, the  model should be trea ted  as 
a link between the  m ore detailed schemes m entioned above and the  overall cosmological 
context, ra th e r th an  a com plete description of galaxy form ation.
In the fu ture, as observations improve and as our understanding  of galaxy for­
m ation advances, it m ay be both  desirable and practical to  build models th a t  contain 
both cosmological scales and detailed descriptions of individual galaxies. C urrently , 
however, there are m ore fundam ental questions to  be answered: How important is feed­
back in galaxy fo rm a tio n ? What is the mechanism responsible fo r  preventing cooling 
flows in massive clusters? What role do active galactic nuclei (A G N ) play in galaxy  
formation. Such global questions m ake detailed modelling of one particu la r aspect of 
galaxy form ation an unneccessary extravagance. This is not a negative conclusion; on 
the contrary, the real streng th  of this type of modelling lies not in detailed solutions 
to  single aspects of galaxy form ation but in predicting simple, global properties for a 
cosmologically significant num ber of galaxies.
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A p p en dix  A
Plum m er softening
Softening is necessary in N-body sim ulations to  prevent excessively strong  tw o-body 
encounters, which would occur if the  particles were trea ted  as po in t m asses w ith Kep- 
lerian poten tials, 4>{r) oc 1 / r .  T here are m any choices of softened po ten tia l to  choose 
from , th e  exact form  of the  po ten tia l being less im p o rtan t th an  th e  overall effect of its 
presence. T he sim ulations presented in this thesis use P lum m er (1911) softening.
T he P lum m er density  profile has the  form
. . 3M  e2 , .
~  ~47t" ( r 2 +  e 2 ) 5 / 2 >  ( • )
where e is the  softening length. T he m ass contained w ithin a  radius r is
M ( f ) =  ( 1 +  e 2 / r 2 ) 3 / 2  ( A -2 )
from  which we can see th a t  th e  half-m ass radius is
r haif ~  1.3e. (A .3)
T he g rav ita tional po ten tial energy of a system  described by such a  density  profile is
0 . 4 « ^ .  (A.4)
32 e r  haif
We can use th is to  re-w rite the condition for virialisation, U  +  2 K  =  0 (where K  is
th e  kinetic energy of th e  system ), in term s of the  half-m ass rad ius and the  velocity
dispersion, (v2) =  2K / M :
(u2) ~  0 .4 ^ ^ - .  (A .5)
^'half
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This justifies the use of equation (2.8) to  te s t groups of particles in th e  N -body sim u­
lation for virialisation.
W hen a group of particles is replaced by a single softened halo particle w ith  m ass
M  =  ^ 2  Tni (A .6 )
i
and velocity
V  =  £ v ,  (A .7)
i
where m,- and v,- are the masses of the  original particles, m om entum  is conserved bu t 
the kinetic energy of th e  new particle will be less th an  the  sum  of the  kinetic energies 
of the original particles:
S ' = ® < ) E « .  |v ,f (A.8)
i
The rem aining energy m ust go into the in ternal energy of the  new particle. For a 
virialised system , it is enough to  specify the potential energy, since the  to ta l energy 
E  = U/2.  To ensure th a t energy is (approxim ately) conserved, the  softening length 
of the new particle m ust therefore correspond to  the  half-mass radius of the  original 
group (equation A .3), since we require this to  be virialised in the  first place.
A ppendix  B
Halo profiles
B . l  S in g u la r  isotherm al sphere
T he sim plest density  profile is the singular iso therm al sphere, so-called because it has 
a co n stan t velocity dispersion and is a solution to  th e  equation of h yd rosta tic  su pport 
for a  self-gravitating  sphere of gas. I t takes th e  form
( B ' 1 )
w here Vc is th e  circular velocity, defined to  be
Vc = (  —  ) . (B .2 )
Since th e  circular velocity in th is case is constan t, th e  m ass diverges a t  large radii:
V 2
M  (r) =  -£ - r  (B.3)
G
so to  ob ta in  a  finite m ass the  profile needs to  be tru n ca ted . T he binding energy of a 
virialised isotherm al sphere, tru n ca ted  a t a radius r v;r , is
„  U G M 2 M V 2 x
E = 2 = - ¥ -  =  - - F - '  <B -4>
w here the  first equality  comes from the  virial criterion: 2K  +  U  =  0.
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B .2  ‘U n iv e rsa l’ N F W  profile
The haloes identified in N-body sim ulations are well-fitted by a  ‘universal’ density  
profile of the  form
P (B -5)r / r s( l  +  r / r sy
(Navarro, Frenk & W hite 1997, N FW ), where A c is a characteristic overdensity (po here 
signifies the m ean density of the  universe) and rs is a scale radius, a t which the  density  
profile changes slope, from d log p /d  log r  =  - 3  for r  >• rs to  d lo g p /d lo g r  =  - 1  for 
r < r s. Haloes vary only in the  value of th is scale radius, rs. T he scale radius is uniquely 
related to  the  charateristic  overdensity, A c(z, zco\\), which in t urn is determ ined by the 
collapse redshift of the  halo. Peacock & Sm ith (2000) give a m ethod for calculating 
A c(z, -zcoii) for a halo of m ass M  a t  redshift z (this m ethod im proves on th a t  originally 
employed by N FW ).
T he m ass contained w ithin a radius r  (<  r vjr) is
In ( 1  +  cx) -
= M| ; , ( 1  +  e; _ A “ . (B-6 )
where x — r / r v;r and c =  r v;r/ r s is the  concentration param eter. This leads to  a 
ro tation  curve of the  form
vc(x) = v;
1  ln ( l  +  cx) -  - ^ l 1 / 2
1 j 1+c" . (B.7)
x  ln( l  +  c ) — c1 + C
The binding energy of a halo with a N FW  profile can be calculated from the  ro ta tion  
curve:
h i  x 2p (x )V ? { x )d x  
Jo
G M 2 ,
f e  (B .8 )‘2r ■¿uI Vlr
Mo, M ao & W hite (1998) give an approxim ate expression (accurate  to  w ithin 1 % for 
5 < c <  30) for / c:
2  (  c 0.7
/ c - 3  +  l 2 L 5 j  ’ (B ‘9)
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B .3  P se u d o -iso th e rm a l (co re )  profile
It is com m only assum ed th a t,  in the  absence of cooling, galaxy haloes are well-described 
by equation  (B .5), as they  are in N-body sim ulations. O bservationally, however, there 
is little  evidence for dark  m a tte r  profiles w ith strong  central cusps, a fea tu re  com m on 
to  bo th  the  N FW  profile and the  singular isotherm al sphere. T he ro ta tio n  curves of low 
surface-brightness dw arf galaxies are b e tte r  fit by profiles w ith co n stan t density  cores 
(de Blok & M cG augh 1997; Sw aters, M adore & Trewhella 2000; de Blok & Bosnia
2002). One such profile is th e  pseudo-isotherm al, or core, profile:
1  +  { r / r cy
w here po is th e  (constan t) cen tral density and rc is th e  core radius. T he m ass contained 
w ithin rad ius r  is
„ , ,  , 1 — tan _1(a.T)/aa;
M r  = M  x ------------- 77— — , ( B. l l )
v ; 1  — t a n _ 1 ( a ) /a  ’ v ’
where, in analogy w ith the N FW  c param eter, I define a  core p aram eter: a =  rv-ir/ r c.
T he core profile has a  ro ta tion  curve of th e  form
1/2
Vc(x) = Vc
T he binding energy,
1  — tan  1 (a x ) /a x
1  — tan  1 (a ) /a
(B.12)
fi
E  =  —27trvir / x p (x )V c (a:) da:, (B.13)
Jo
has to  be in teg ra ted  num erically in th is case. T his procedure can be tim e-consum ing, 
so it is useful to  search for an approxim ation sim ilar to  equation  B.9. Following the
approach of Mo, M ao & W hite, I define a facto r / a , such th a t
£ = - ~ / a .  (B.14)
vir
Perform ing the  in tegration  numerically, I find th a t th e  approxim ation
a ' ° ' 2
/ a ~  0 .5 +  { ¡ m i )<B '15>
is sufficiently accurate , to  w ithin 1% for 10 ^  a ^  40.
T here is no theoretical prediction for the  core sizes of galaxy haloes; these have 
to  be determ ined empirically, from observations. T he core radii of galaxy-scale haloes
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-  inferred from fits to  the  ro ta tion  curves of dw arf galaxies -  and those of clusters -  
measured using grav ita tional lensing for a single cluster -  are consistent w ith a relation 
of the form r c oc Vc (F irm ani et al. 2001), im plying th a t  r c cc r v;r , so th a t  a single value 
of a is appropriate  for haloes of all masses.
A ppendix  C
M easurem ents in cosm ology
C . l  A n g u la r  d iam e te r d istance
T he proper tranverse  size, d /, of an object of angular size dtp on th e  sky is given by
d I = R S k {r) dtp
=  (1 +  z )~ xR o S k (r) dip. (C .l)
T his leads us to  define an angular diameter distance , D a , by requiring th a t
d I =  D^dip,  (C .2 )
as in th e  classical case. This leads to
D A = ( l  + z ) - 1R 0S k (r) (C.3)
T h e line-of-sight conaoving distance, r , to  the ob ject can be found by in teg ra ting  the 
m etric along a radial null tra jec to ry :
i w r
Using the  definition of the  Hubble param eter H ( R ), th is can be w ritten  in term s of 
redshifts as
c f z d z' N
r = - B ~  u t  o ’ ^C ‘5Ro Jo H  [z ')
where H( z )  is given by equation (1.13).
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C .2  Lu m in o sity  d istance
The broadband flux, Sb b , ° f  an object, in tegrated  over some range of w avelengths 
measured in th e  observers fram e, can be w ritten  as
'?BB =  t e R g S I M f l +  .-)*' ( C ' 6 )
where L bb is th e  lum inosity of the  ob ject in tegrated  over the corresponding range of
rest-fram e w avelengths. As above, we can define a luminosity distance such th a t  the
classical result,
SBB =  i  %<c -7>
holds. So
D\j =  (1 +  z)RoSk(r)
=  (1 +  z ) 2D \ .  (C .8 )
C .3  S u rfa ce  brightness
T he in tegrated  surface brightness, / ,  of a uniformly illum inated ob ject of solid angle 
c\Q is
j  _  d-S'sB 
dft
dZ,BB/47t£>£ 
d A / D 2a  ' [ }
where dA is the  proper area of the  source. The intrinsic surface brightness of th e  source
is ju st
so equation C.9 simplifies to
I  = I0{l + z )~ 2. ( C . l l )
So, a t low redshifts (z <C 1) surface brightness is conserved, as in the  classical case, 
while a t cosmologically significant distance, there is a factor ( D a / D i , )2 dim ming.
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C .4  C o m o v in g  vo lum e
T he com oving volum e elem ent a t comoving distance R or  corresponding to  a  solid angle 
d f2 is
dV  =  R 0 dr  x [R0S k (r)]2 d il
=  Ro d r  x (1 +  z ) 2 D \  dQ, (C.12)
where D& is the  angular d iam eter distance, given by equation  (C .3). Using equation 
(C .5), th is  can be w ritten  in term s of the  redshift elem ent, d z:
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A p p e n d ix  D  
G alaxy  photom etry
D . l  D is cs
T he surface brightness profile of an exponential disc is characterised  by th e  central sur­
face brightness, no, and an exponential scale length, h, in angu lar un its. In m agnitude 
units, the  exponential profile takes the simple form
f i(R ) =  fio + 1 .086(R /h ) ,  (D .l)
w here th e  face-on central surface brightness is related  to  th e  to ta l m agnitude, to, by
/j0 =  m  +  2.5 log10(27tft2). (D.2)
T he fraction  of the  flux contained w ithin a radius R  is
f ( R )  = l - ( l  +  R /h ) e ~ R/ h. (D.3)
From  this, th e  half-light radius can be found numerically, using an itera tive  procedure,
leading to  R e =  1.678h. T he m ean surface-brightness w ithin th is  rad ius is thus
Hc =  to +  2.5 log10(27ri?g) =  no +  1.1‘24. (D.4)
T his is also com m only known as the  effective surface-brightness (see below). For a  pure 
disc galaxy, the  isophotal radius for a lim iting isophote ¡i\\m is given by
R \ s o  —• 0 .9 2 1 /l ( / i l im  Mo) (D.5)
178 G alaxy pho tom etry
and the isophotal m agnitude by
7?7-iSo — 777t0t 2.5 log^Q /(R iso) i (bl.6 )
where / ( R )  is given by equation (D.3).
For a disc w ith inclination i to  the line of sight, the  elem ent of area is reduced by 
a factor co si, so th e  surface brightness is increased by the  inverse of th is factor.
D .2  B u lg e s
I assum e an R 1 / 4-profile:
n (R )  — He T  8.33[(i?/i?e) 1 /4  -  1] +  1.39 (D.7)
(de V aucouleurs’ 1948 ) for spheroids of all sizes. Here, R e is the  half-light, or effective,
radius and /ie is the m ean surface brightness within th is radius. Some care needs to  be
taken here, because in another commonly used notation , the effective surface brightness, 
/ie, is the  surface brightness at R e:
/¿(-Re) =  /¿e T  1.39. (D-8 )
The central surface brightness of the  i?1/,4-profile is dearly
/¿o =  /¿e -  6.94. (D.9)
The effective surface brightness is related to  the apparen t m agnitude, m ,  by
¿¿e = m  +  2.5 log10(27ti?g). (D.10)
The fraction of the flux contained within a radius R  in this case is given, approxim ately,
by
7
g( R)  =  l - $ > * 'e *  w ith  ® =  7.670 (R /R e)1/4. ( D. l l )
i'=o
For an elliptical galaxy with an i? 1 / 4—profile, the isophotal radius is
Riso =  Re [0 . 1 2 (/i]im — /.¿e) +  1 ] (D .1 2 )
and the isophotal m agnitude is
m iso =  m tot ~  2.5 log1 0 £f(i?iso). (D.13)
